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Abstract: In this paper a numerical analysis procedure which employs a sub-structuring technique together with 
selective node re-numbering, is described as a way of efficiently modelling the response of buildings to fires which 
are restricted to internal compartments.  In this procedure user-defined cool regions of the building model are sub-
structured and condensed into a linear "super-element", which has nodes connected to the non-linear sub-structures 
located within and in the immediate vicinity of the fire zone. The procedure has been incorporated into the non-linear 
program Vulcan which has been developed to model the structural response of loaded structures to fire attack, and 
two full-scale fire tests have been modelled to examine the computational efficiency of the method.  The method 
makes it much easier than previously to investigate the influence of the surrounding cool structure on the behaviour 
of elements within the fire compartment, and its efficacy has been investigated for these two tests. 
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1. INTRODUCTION 
 
The performance of structural elements exposed to fire is usually described in terms of their fire 
resistance, which is the period of time during exposure to fire at which “failure”, according to a 
criterion usually based on deflection, occurs.  Currently, this fire resistance is expressed only in 
relation to isolated element behaviour as determined by standard fire tests using a time-temperature 
curve given in ISO834 [1] and reproduced in most countries’ codes of practice for fire testing.  
Predicting the behaviour of elements within a building in a real fire from ISO834 fire tests on 
isolated elements involves a clear and considerable simplification much greater than that which is 
made routinely in ambient-temperature design analysis.  An important way in which the behaviour 
of elements in buildings differs from that of similar elements in these furnace tests derives from the 
very different boundary conditions which are imposed in the two situations.  In a real building 
structural elements form part of a continuous assembly, and building fires often remain localised, 
with the fire-affected structure within a fire compartment being subject to significant restraint from 
the cooler areas surrounding it.  The real behaviour of these structural elements, which is affected 
by the interaction of thermal expansion, material degradation and this boundary restraint, can 
therefore be totally different from that indicated by standard furnace tests.  In 1995-96, six large-
scale fire tests were carried out on a composite steel-concrete building at the BRE Fire Research 
Laboratory at Cardington, in which the observed structural response supported this viewpoint. 
 
Because such full-scale fire tests are extremely expensive, the development of analytical methods 
that can predict the behaviour of building structures when subjected to fire conditions is becoming 
increasingly important.  In recent years a computer program Vulcan [2-8], has been developed at 
the University of Sheffield for three-dimensional analysis of the structural behaviour of composite 
and steel-framed buildings in fire.  The program is based on a 3-D non-linear finite element 
procedure in which composite steel-framed buildings are modelled as an assembly of beam-column, 
spring, shear connector and slab elements.  The beam-column line elements are three-noded, and 
their cross-section is divided into a number of segments to allow consideration of non-linear 
variation of temperature, stress and strain through the cross-section.  A two-noded spring element 
of zero length is used to model the characteristics of steel member connections. In order to model 
partial interaction of the steel beam and the concrete slab in composite construction a shear 
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connector elements has been developed to link slab and beam elements. The slabs are modelled 
using a nine-noded layered flat-shell element based on Mindlin-Reissner theory, in which each 
layer can have different temperature and material properties. 
 
Modelling the structural behaviour of buildings in fire is inherently rather complex, because non-
linear structural analysis needs to be performed over the time-period of a given fire, during which 
element temperatures vary across the sections of members and slabs and also with location in the 
structure relative to the fire source.  The materials of construction (steel and concrete of various 
grades) are subject to two dominant effects which depend on temperature; thermal straining and 
degradation of constitutive relationships.  Material properties are non-linear, and it is necessary also 
to analyse the structural response up to much higher deflections than would be necessary at ambient 
temperature.  Analyses can therefore be very expensive in computing time, especially when 
modelling large-scale problems. For example, for modelling a full-scale fire test [9] in a single 
corner bay of a composite building frame more than 10 hours' processing time was necessary on a 
2.6GHz Pentium 4 personal computer.  The modelling in that case used 226 elements (152 beam-
column and 74 slab elements with 10 layers) with 369 nodes.  For larger models with over 500 
nodes run-times of the order of 20-30 hours are fairly usual.  This has made the need to improve the 
computational efficiency of Vulcan a major issue of the program's development.  
 
Fortunately, the design of buildings is influenced by fire safety legislation so that fires are often 
contained by internal fireproof compartmentation and remain localised. The influence on the 
behaviour of cool structure adjacent to the fire compartment is very important, because of the 
effects of continuity of structure into a much stiffer region, and also because of the restraint which 
is provided to thermal expansion of heated elements.  It is therefore necessary to include a region of 
the surrounding cool structure in the modelling in order to represent more realistically the 
conditions affecting the fire compartment.  
 
In fire conditions it is usual to assume that the loading applied generally to the structure is at a level 
well below that which would cause ambient-temperature yield to occur, and it is therefore 
reasonable to assume that, even during the fire, the adjacent cool structure remains linearly elastic, 
apart from some areas which are very close to the fire compartment.  This is confirmed by 
observations from both test results and numerical studies.  The objective of the present 
development was to take advantage of this observation in increasing the program’s computational 
efficiency.  The procedures for sub-structuring and static condensation in linear structural analysis 
are now well known [10-13], but little work has been done in extending the sub-structuring 
technique to non-linear analysis of the behaviour of buildings in fire.  This paper describes the use 
of an appropriate procedure for using the sub-structuring technique, together with a re-numbering 
algorithm for more efficient modelling of this type. User-defined cool regions of the structures are 
sub-structured and condensed as a linear super-element, which has nodes connected to the non-
linear meshed sub-structure representing the fire compartment and a cool border zone. The 
procedure has been incorporated into Vulcan and some examples will be shown of the increased 
computational efficiency which is achieved.  
 
 
2. BUILDING A SUPER-ELEMENT 
 
In this paper a user-defined region of the finite element mesh, which includes only unheated 
elements, is assumed as a linear-elastic sub-structure (see Figure 1).  For this region the relationship 
between the stiffness matrix sbK , the corresponding displacement vector sbU  and the load vector 

sbR  is expressed as 
sbsbsb RUK =  (1) 
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In order to establish a super-element the static condensation procedure is used.  Eq. (1) is 
partitioned, as in [14], into the form 
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in which aU  and cU  are respectively the vectors of the degrees of freedom to be retained (the 
boundary nodes between the super-element and the non-linear mesh) and those which are to be 
condensed out (the other nodes of the super-element).  
 
The matrix equation for the nodes to be condensed out can be expressed from Eq. (2) as: 

( )acac
1

ccc UKRKU −= −  (3) 
 
The relationship in Eq. (3) is used to substitute for cU  into the boundary node equations in Eq. (2) 
to obtain the condensed equations  
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If we use  
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and  

c
1

ccacasuper RKKRR −−=  (6) 
Eq. (4) becomes  

superasuper RUK =  (7) 
in which superK  and superR  are respectively the stiffness matrix and load vector of the super-element.  
From Eq. (7) it can be seen that the degrees of freedom related to the super-element are the 
displacements aU  which are to be retained.  Since Eq. (1) represents the relationship between the 
stiffness matrix sbK , the corresponding displacement vector sbU  and the load vector sbR  for a 
linear-elastic sub-structure, sbK  is unchanged during non-linear analysis.  Hence, the stiffness 
matrix of the super-element superK  is constant.  
 
A frontal solution method [15] is used during the condensation procedure for the super-element, to 
enable the program to model large-scale structures without difficulty. 
 
 
3. MODELLING OF STRUCTURES IN FIRE 
 
When the stiffness matrix for the super-element has been constructed it is used as a boundary 
element connected to the sub-structure which is modelled using normal meshing of non-linear 
elements.  During the subsequent non-linear analysis the stiffness matrix of the super-element 

superK  remains constant.  This non-linear solution procedure determines the deformations nlU  of 
the nodes under equivalent external loads nlR , which are assumed to be applied at the nodes and 
are usually constant in the fire condition, whilst the temperature increases.  In this procedure a 
number of parameters are temperature-dependent.  The basic equilibrium equation at any load or 
temperature step is 

0QR nlnl =−  (8) 
where nlQ  is the vector of internal nodal forces.  
 
The stiffness matrix nlK , the internal force vector nlQ  and the equivalent external loads nlR  for the 
structure being analysed are expressed as  
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in which jK , jQ , jR  and n are respectively the element stiffness matrix, internal force vector and 
external load vector, and n is the total number of elements of the non-linear sub-structure. superQ  is 
the internal force vector of the super-element.  Because the super-element is linearly elastic, superQ  
can be calculated using 

supersupersuper UKQ =  (12) 
where superU  is the nodal displacement vector of the super-element and asuper UU = . 
 
The stiffness matrix of the super-element superK  is symmetric and banded.  After its skyline has 
been determined only the elements below the upper skyline, including the diagonal elements, are 
stored in a one-dimensional array and are used to form nlK  and superQ .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For composite steel-framed buildings in fire, Eq. (8) is highly non-linear, and the Newton-Raphson 
iteration procedure is employed.  The total time period or temperature range for which the response 
of the structure is to be traced is divided into a number of steps.  It is assumed that changes in the 
loads or temperatures occur only at the beginning or end of a step.  During any step the external 
loads, and the temperatures in the layers of slab elements and the segments of beam-column 
elements, are assumed to remain constant.  During this incremental solution process the stiffness 
matrix of the super-element superK  remains constant. The total number of nodes and elements for 
which non-linear analysis has to be carried out is reduced to those within the selected region, whilst 
retaining the effect of either the whole or a large part of the structure which is not directly involved 
in the fire.  
 

  

 

Non-linear sub-structure 

Cool zone  

Boundary 
line  

Linear elastic sub-
structure 

Fire zone 

Figure 1. Sub-structuring scheme for structural analysis in fire. 
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4. RE-NUMBERING PROCEDURE 
 
An undesirable effect of the condensation process is that it creates an element with a very large 
number of nodes, whose stiffness matrix is very highly populated and therefore has a bandwidth 
very close to the maximum possible for its final degrees of freedom.  The node numbering of the 
remaining sub-structure for non-linear analysis may become very badly conditioned when it is re-
assembled with the super-element.  This can cause a very much broader bandwidth of the structural 
stiffness matrix than would occur if the problem were solved without sub-structuring.  In general 
solution time is related to the square of the bandwidth, while it is only linearly related to the 
dimension of the stiffness matrix.  Thus the considerable decrease in the number of nodes 
considered due to condensation may be offset by the increase in bandwidth [10], and may in 
consequence produce no improvement in processing times.  It is therefore necessary to re-number 
the remaining sub-structure, including the nodes connecting the super-element to the non-linear 
region, in order to reduce the bandwidth to a more optimal level.  
 
A re-numbering algorithm proposed by Burgess and Lai [16] has been adopted in this paper. There 
are seven stages in this re-numbering procedure: 
1. The nodes and elements of the remaining sub-structure for non-linear analysis are listed 

using a continuous number sequence, removing the gaps created by the creation of the 
super-element.  A mapping array is created to relate this numbering to the original scheme 
which has been used by the creator of the data file. 

2. A nodal inter-connectivity matrix is built up based on this new node numbering. 
3. Based on the inter-connectivity matrix a starting node for re-numbering is chosen using the 

method proposed by Gibbs, Poole and Stockmeyer [17].  
4. Starting from this starting node and working according to the stiffness connectivities, the 

original node structure is converted to a level structure of nodes.  
5. A second pass is made across the level structure, and an attempt is made to ‘smooth’ the 

level heights to a more uniform average height before re-numbering takes place [16]. 
6. The modified node level structure is then re-numbered using the well-known method based 

on the work of Cuthill and McKee [18] and Cheng [19].  
7. After re-numbering the mapping array is updated.  The structural information relating to the 

original numbering system is re-sequenced in the new numbering system and is then ready 
for starting non-linear analysis.  The details of the stages from (3) to (5) can be found in 
Burgess and Lai [16].  

 
 
5. NUMERICAL EXAMPLES 
 
The procedures described above for creating a super-element and re-numbering the residual sub-
structure have now been incorporated within Vulcan, and have been tested in three-dimensional 
modelling of the structural behaviour of composite steel-framed buildings in fire. The numerical 
procedure is summarised in Figure 2.  The program is now capable of being run in three ways: (1) 
using the original procedure without any sub-structuring or re-numbering; (2) using the original 
procedure after re-numbering; (3) using the new procedure with a super-element and subsequent re-
numbering.  In order to demonstrate the key effects of the new procedures, two of the six full-scale 
compartment fire tests which were carried out in 1995-96 in an 8-storey composite frame structure 
at the BRE laboratory at Cardington are modelled here.  The Cardington building was constructed 
during 1994, to resemble a modern city-centre medium-rise office development typical of current 
UK practice.  The influence of the modelling of the cool structure adjacent to fire compartments on 
the behaviour of the structure within it is investigated.  The studies were run on a Pentium 4, 
2.6GHz personal computer with 1.0Gb of RAM.  
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Figure 2. A flowchart of the program Vulcan including the sub-structuring scheme. 
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6. MODELLING OF THE “RESTRAINED BEAM TEST” 
 
The "Restrained Beam Test" was the first, and the smallest, of the fire tests carried out on the test 
building.  It was conducted [20, 21] by British Steel plc in January 1995, and involved heating a 
single secondary beam and an area of the surrounding slab on the seventh floor.  The steel member 
tested consisted of a 305x165UB40 section spanning between columns D2 and E2, and was heated 
using a specially constructed gas-fired furnace over the central 8m of its 9m length.  The location of 
the test is shown in Figure 3.  The sub-frame which has been modelled, including a region of the 
surrounding cool structure, is also shown in Figure 3, with a more detailed representation, including 
the finite element mesh layout adopted, in Figure 4.  
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The ambient-temperature material properties used in the modelling were as follows:  

• The yield strength of steel was assumed as 308MPa for Grade 43 steel (S275) and 390MPa 
for Grade 50 (S355), based on coupon test results provided by the supplier. 

• The yield strength of reinforcing steel was assumed to be 460MPa. 
• The elastic modulus of steel was 210kN/mm2. 
• The average concrete compressive strength was 35MPa. 

Figure 3. Locations of Restrained Beam Test and British Steel Corner Bay 
Test in the Cardington composite test frame. 
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Figure 4. Finite element layout adopted in the analysis of the Restrained Beam Test, together 
with the boundaries of the non-linear sub-structures for the four cases studied. 
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A uniform floor load of 5.48kN/m2 was applied using sandbags. The temperature distributions in 
the steel beam and the slab were taken as the average of the recorded temperature distributions 
across the cross-section of the beam and the thickness of the slab at any stage in the test.  The test 
was terminated due to a failure of some instrumentation when the steel beam temperature was 
above 800°C, and no structural failure was seen although large deflections were achieved. 
 
In this example four cases, all of which are illustrated in Figure 4, have been analysed.  In Case 1 
(normal modelling) the whole sub-frame was modelled as a non-linear sub-structure, but different 
extents of non-linear sub-structure were used for Cases 2 to 4. Their basic statistics, including run-
times, are given in Table 1.  In the selection of super-element configurations here only the 
intuitively sensible arrangements shown in Figure 4 have been considered.  The ten-fold time 
saving between Cases 1 and 2 is achieved by using the whole developed procedure. The influence 
of re-numbering within this process (considered separately from the creation of a super-element) 
can be gauged from a re-run of Case 1 after re-numbering.  The run-time in this case was 201 
minutes, compared with 280 for the original numbering, a significant but unspectacular saving.  
The presence of columns above and below the floor structure is capable of causing very large, 
sparsely populated bandwidths without re-numbering, and the height of skyline within the total 
structural stiffness matrix is increased dramatically. 
 

Table 1. Cardington Restrained Beam test: performance using different super-elements. 

 
It is necessary to check that accuracy is being maintained in the prediction of overall response, and 
also that the localised behaviour in the zone of interest is not changed radically by connection to the 
super-element.  In order to examine the effect on overall accuracy of the modelling the mid-span 
deflections of the heated beam are plotted in 
Figure 5 for all cases against the temperature 
of the bottom flange of the beam, together 
with the measured test results.  It can be seen 
that Case 2 produces results almost identical 
to those from normal modelling (Case 1), 
which itself compares well with the test 
results.  Case 3 involves some minor sacrifice 
of accuracy in the final range of test 
temperatures; this might be anticipated to 
increase if the temperatures were increased 
further.  Case 4, in which only the tested 
beam and the concrete slab within the furnace 
width are contained within the non-linear 
sub-frame, shows the effect of eliminating 
failure in the immediately adjacent zones 
from the analysis.  Below a beam lower 
flange temperature of 200°C the deflections 
are almost identical to those given by the 
other modelling, whereas above 400°C, when 

 Elements Nodes Run-time 
Case Non-linear 

sub-frame 
Super-
element 

Non-linear 
sub-frame 

Super-
element 

(min) (%) 

1 (normal) 208 0 343 0 280 100.0 
2 116 92 214 129 25.3 9.0 
3 65 143 135 208 18.8 6.7 
4 20 188 77 266 4.3 1.5 
1 (re-numbered) 208 0 343 0 201 71.8 

Figure 5. Comparison of predictions with measured 
mid-span deflections for the different non-linear  

sub-structures analysed in the Restrained Beam Test. 
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the steel loses strength rapidly, the deflections cease as the heated zone effectively re-distributes its 
load to the surrounding elastic material.   
 
In order to examine local failure behaviour the slab cracking patterns shown in the normal 
modelling (Case 1) and the most moderate of the other cases (Case 2) are shown at ambient 
temperature and at the final stage, when the beam lower flange is at 835°C.  Nine Gauss integration 
points are used for each slab element, and at these positions the development of cracking or 
crushing in the concrete can be detected in the non-linear sub-structure.  Figures 6(a)-(d) and 
Figures 7(a)-(d) show schematically the cracking and crushing patterns at the top and bottom of the 
floor slab at ambient temperature and a beam lower flange temperature of 835°C for Cases 1 and 2 
respectively.  It can be seen that there is some cracking of the concrete slabs at ambient temperature, 
which of course includes both the test area and the surrounding cool structure.  At the final 
temperature there is considerably more cracking, and some small zones of concrete crushing.  It is 
interesting to observe that the failure patterns of the concrete slabs within the non-linear sub-
structures for both cases are very similar.   
 
Figures 8(a)-(d) show the vector plot of distribution of principal membrane tractions (forces per 
unit width of slab) at the Gauss points of the slab elements, both at ambient temperature and at a 
beam lower flange temperature of 835°C for Cases 1 and 2 respectively. In the figures the lengths 
of the vectors are proportional to their magnitudes; thin vector lines denote tension and thick lines 
denote compression.  It can be seen that at ambient temperature the slabs above the secondary and 
primary beams act very much in line with the normal engineer's assumption for the flanges of 
composite beams, being in compression parallel to the beam.  This reduces somewhat in the areas 
mid-way between parallel beams due to the well-known phenomenon of shear lag.  In contrast, it 
can be seen that at high temperature (beam lower flange 835°C) very high compressive tractions 
are formed in the slab surrounding the edges of the fire compartment, and within the fire 
compartment the compressive tractions gradually reduce from the edges into the central areas.  It is 
evident that the distributions of membrane tractions of the concrete slabs within the non-linear sub-
structures are very similar for both cases.  This suggests that the behaviour of structure in the fire 
compartment is mainly influenced by its immediate surroundings, which can be included within the 
non-linear sub-structure, and that the use of a linear super-element outside this zone is justifiable.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6. Predicted cracking patterns of top and bottom layers of floor slab at 20°C in the 
Restrained Beam Test for Case 1 (a, b) and Case 2 (c, d). 
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Use of the super-element had the effect not only of reducing the total elements and nodes needed 
for the analysis but also of making the non-linear procedure more stable and of reducing the 
average number of iterations needed for each step.  
 

 

Linear sub-structure 

(a)  20 °C  
(c)  20 °C 

(b)  835 °C (d)  835 °C 

Figure 8. Predicted distribution of principal membrane tractions at 20°C and 835°C in the Restrained Beam 
Test for Case 1 (a, b) and Case 2 (c, d). (thick line=compression; thin line=tension). 
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(a)  Top Layer 
(c)  Top Layer 
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Figure 7. Predicted cracking patterns of top and bottom layers of floor slab at beam temperature 835°C in the 
Restrained Beam Test for Case 1 (a, b) and Case 2 (c, d). 
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7. MODELLING OF THE “BRITISH STEEL CORNER TEST”  
 
In July 1995 a fire test (Test 3 of the British Steel series) was carried out [22, 23] in a compartment 
of dimensions 9.98m x 7.57m in a corner bay of the structure.  The walls of the fire compartment, 
shown schematically in Figure 3, were constructed using lightweight concrete blockwork, the top 
of which was detached from the structure above so as to allow free deflection.  The columns and 
building-edge beams were wrapped with ceramic fibre, but all other structural elements were left 
unprotected.  The test used timber cribs giving an overall fire load of 45kg/m2 to produce a natural 
fire.  During the fire test the maximum recorded atmosphere temperature in the compartment was 
1028°C, which occurred after 80 minutes.  Steel temperatures and structural deflections were 
recorded at key locations and at required intervals throughout the test, providing information for 
comparison with analytical results.  A description of the test, and comprehensive records of 
measured temperatures and deflections, are given in Refs. 22 and 23.  
 
The test location, the extent of the structure incorporated within the numerical modelling, and the 
finite element mesh layout are shown in Figures 3 and 9.  The ambient-temperature material 
properties are identical to those given for the Restrained Beam Test.  The uniform floor load of 
5.48kN/m2 was again applied using sandbags.  In order to rationalise the test temperature profiles 
of beams and columns (see Figure 9 for the beam positions) the following assumptions were made:  
• Unprotected beams B1/2, B2, and BE have the same temperature distributions, in which the 

maximum temperatures of the bottom flange, web and top flange are 900°C, 860°C, and 
800°C respectively. 

• Protected beams B1 and BF have the same temperature distributions, in which the 
maximum temperatures of the bottom flange, web and top flange were 250°C, 180°C, and 
110°C respectively. 

• The cross-sections of all protected columns have uniform temperature distributions with a 
maximum temperature of 160°C. 

• The average test temperature distribution through the thickness of the concrete slab was 
used at each stage, with the maximum temperatures of the bottom and top layers at 360°C 
and 70°C respectively.  In the following text the temperature quoted in all figures refers to 
the temperature of the bottom flange of the hottest beams. 
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Figure 9. Finite element layout adopted in the analysis for British Steel Corner Test,  
together with the locations of non-linear sub-structures for the three cases studied. 
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In this example three cases, which are illustrated in Figure 9, have been analysed.  In Case 1 
(normal modelling) the whole sub-frame was modelled as a non-linear sub-structure, while 
different sizes of non-linear sub-structure were employed for Cases 2 and 3. Their basic statistics, 
including run-times, are given in Table 2.  
 

Table 2. Cardington British Steel Corner Test: performance using different super-elements.  
 Elements Nodes Run-time 

Case Non-linear 
sub-frame 

Super-
element 

Non-linear 
sub-frame 

Super-
element 

(min) (%) 

1 (normal) 334 0 532 0 1800 100.0 
2 226 108 387 145 236 13.1 
3 134 200 250 282 212 11.7 
1 (re-numbered) 334 0 532 0 851 47.0 

 
The deflections at position D11, which is the mid-span of heated beam B1/2 are plotted in Figure 
10 against the temperature of the bottom flange of this beam for all three cases, together with the 
measured test result.  It can be seen that the three modelling cases produced almost identical results, 
the only small difference appearing for temperatures above 800°C.  There was a significant saving 
of run-time for Case 2, at 13.1% of the time for Case 1 (normal modelling).  For Case 3 a further 
saving was achieved, at only 11.7% of the time for Case 1, but with a sacrifice of some accuracy in 
the analysis. The normal modelling, Case 1, was re-run after simply re-numbering the mesh, and 
the run-time in this case was 851 minutes, or 47% of that for Case 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Once again the cracking and crushing patterns of the top and bottom layers of the floor slab, at 
ambient temperature and at a beam lower flange temperature of 900°C, are shown in Figures 11(a)-
(d) and Figures 12(a)-(d) for Cases 1 and 2 respectively.  As for the Restrained Beam Test the 
failure patterns of the concrete slabs within the non-linear sub-structures for both cases were very 
similar.  Figures 13(a)-(d) show the distributions of principal membrane tractions at ambient 
temperature and at a beam lower flange temperature of 900°C for Cases 1 and 2 respectively.  The 
distribution of the two principal membrane tractions in the slab at a heated beam lower flange 
temperature of 900°C shows that the load-carrying mechanism has very visibly changed at this 
high-temperature stage of the structural action.  It can be seen from Figure 10 that, when the 
temperatures of the steel beam were less than 700°C and the vertical deflections were less than 
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Figure 10. Comparison of predictions with measured deflections  
at position D11 for different non-linear sub-structures  

analysed for the British Steel Corner Test. 
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300mm, there was little influence of geometric non-linearity on the load-carrying mechanism.  On 
further increase of temperature, when the steel beams had lost most of their strength, the loads 
above fire compartment were largely carried by the floor slab rather than by composite bending.  In 
this corner test little in-plane restraint was capable of being provided by surrounding cool structure, 
and so the floor slabs within the corner bay need to be almost self-equilibrating in the horizontal 
plane.  This means that the tensile membrane tractions within the central zone of the floor slab are 
balanced by the compression forces formed around the perimeter of the fire compartment.  These 
are made possible by the presence of vertical support due to the protected beams, which forces the 
slab to deform in double curvature and thus to generate the membrane traction fields shown in 
Figures 13(b) and (d).  The load-carrying capacity of the slabs was increased significantly due to 
this tensile membrane action, in which the anti-cracking reinforcement mesh is a key component.  
Once more the distributions of membrane tractions of the concrete slabs within the non-linear sub-
structures for both cases are very similar.  
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Figure 11. Predicted cracking patterns of top and bottom layers of floor slab at 20°C in the British 
Steel Corner Test for Case 1 (a, b) and Case 2 (c, d).

Figure 12. Predicted cracking patterns of top and bottom layers of floor slab at beam lower flange 
temperature 900°C in the British Steel Corner Test for Case 1 (a, b) and Case 2 (c, d). 
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Comparing Case 3 of the Corner Bay test with Case 4 of the Restrained Beam test, both represent 
extreme situations in which all elements outside the fire compartment are included within the 
elastic super-element.  In the Corner Bay the fire zone was much more extensive than in the 
Restrained Beam Test so there was less opportunity for loads in the fire zone to be redistributed to 
the surrounding cool structure.  Additionally, there was little in-plane restraint to thermal expansion 
of components within the fire compartment, whereas for the Restrained Beam Test a completely 
surrounding cool slab provided considerable restraint of this kind.  It can be seen that the main 
influence of the surrounding cool structure was to provide structural continuity, especially in the 
concrete slab floors, to the two interior edges of the fire compartment.  It is therefore logical that 
the Corner Bay Test results should be less affected by the modelling of the cool adjacent structure 
than were those from the Restrained Beam Test, so that Case 3 is modelled with almost the same 
accuracy as Case 1. This contrasts markedly with the Restrained Beam Test, in which thermal 
expansion is resisted and there is an obvious mechanism available for redistribution of loading. 
 
 
8. CONCLUSIONS 
 
This paper illustrates the use of the sub-structuring technique and a re-numbering algorithm to 
increase the efficiency of modelling the structural behaviour of buildings in fire conditions.  In this 
process a user-defined cool region of the structure is sub-structured and condensed as a linear 
super-element with connecting nodes which interact with the non-linear sub-structure representing 
the fire zone, plus a border zone of unheated elements.  The procedure has been incorporated into 
Vulcan and two full-scale fire tests have been modelled, both to show the computational efficiency 
of the method and to investigate the principles which control selection of super-elements.  This 
depends on the way in which restraint from the surrounding structure resists thermal expansion of 
the fire compartment and provides support which diverts load paths away from the heated members.  
From the modelling of two full-scale fire tests it has been seen that, if the surrounding cool 
structure is capable of providing high restraint to thermal expansion of the fire compartment (as in 
the Restrained Beam Test), this has a very important influence on the behaviour of the heated 
structure.  Of course, the structural continuity provided by the adjacent structure is also important.  
For fire compartments subjected to very little in-plane restraint (as in the British Steel Corner Test) 

Figure 13. Predicted distribution of principal membrane tractions at 20°C and 900°C in the British 
Steel Corner Test for Case 1 (a, b) and Case 2 (c, d). (thick line=compression; thin line=tension). 
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structural continuity is the only major factor influencing the structural behaviour in the fire 
compartment. It is reasonable to conclude that, in order to achieve accurate analytical results for 
small fire compartments with high restraint from surrounding cool structure the non-linear mesh 
zone should extend well  (at least three to four elements) beyond the fire compartment.  However, 
for large fire compartments with little restraint the non-linear sub-structure can extend no further 
than the edges of the fire compartment.  
 
It is evident that using this sub-structuring technique to represent the cool structure adjacent to a 
fire compartment is one of the building blocks in increasing the efficiency of modelling of 
structures in fire.  The re-numbering procedure based on the model proposed by Burgess and Lai 
[16] is computationally efficient, and it is important when modelling three-dimensional building 
structures to attempt to create as optimal a numbering system as is feasible.  The procedure 
proposed in this paper is a combination of sub-structuring and re-numbering, and should therefore 
maximise computational efficiency as much as possible for any given hardware and solution 
scheme.  In the examples analysed savings of computing run-time of the order of 5 to 10 times 
were achieved.    Within the Vulcan software the introduction of the frontal solution method into 
the super-element procedure also makes it capable of modelling very large problems without any 
difficulty.  
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