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ABSTRACT: The non-linear natural frequencies of the first three modes of a clamped tapered beam are investigated. 
The mathematical model is derived using the Euler-Lagrange method and the continuous system is discretized using 
the assumed mode method. The resulted uni-modal nonlinear equation of motion was solved using the harmonic 
balance (HB) to obtain approximate analytical expressions for the nonlinear natural frequencies. Results were 
obtained for two types of taper; double taper, i.e. the beam width and thickness are varied linearly along the beam 
axis and single taper “wedge shaped beams”, i.e. the variation is in thickness only. The effects of vibration amplitude 
and taper ratio on the nonlinear natural frequencies for the first three modes are obtained and presented in 
non-dimensional form. 
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1. INTRODUCTION 
 
It is known that a lot of engineering structures can be modeled as beam. Some can be modeled as 
tapered beams, such as piles, fixed-type platforms, tower structures, high buildings and robot arms. 
 
In general, due to various excitation loads “wind and waves”, high aspect ratio and flexibility such 
structures might have large deformations and deflections. The prediction of the dynamic behavior is 
extremely important during the design process. 
 
The linear vibration theory predicts the natural frequencies to be independent of the amplitude. But 
in many cases, the deflection in structures may reach large values and consequently, using the linear 
vibration assumption is not valid. In order to take into consideration the nonlinearities arised due to 
large deformations, the nonlinear vibration theory must be used to predict with high accuracy the 
dynamic behavior like; natural frequencies and dynamic responses. 
 
In this paper, the non-linear planar large amplitude free vibration of a tapered cantilever beam is 
studied for two cases; double tapered beam and single tapered ‘wedge shaped beam”. 
 
Most of the pertinent literature is directed towards the calculation of linear natural frequencies and 
mode shapes [1-6] with different end conditions and with attached inertia elements at the free end 
of the beam. In [7], a simple formulation for the large amplitude free vibrations of tapered beams 
was presented. The method is based on an iterative numerical scheme to obtain results for tapered 
beams with rectangular and circular cross sections. 
 
The objective of the present work is to extend the results and analysis obtained in [8] to study the 
non-linear planar large amplitude free vibrations of a cantilever tapered beam for the cases of a 
double taper beam and a single taper “wedge shaped beam”. The mathematical model is derived 
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using the Lagrange method and the resulting continuous equation is discretized using the assumed 
mode method [9, 10]. The inextensibility condition [11] is used to relate the axial shortening due to 
transverse deflection in the formulation of the kinetic energy of the beam and the nonlinear 
curvature is used in the potential energy expression. 
 
 
2. MATHEMATICAL MODEL 
 
2.1 System Description and Assumptions 
 
A schematic drawing of the beam under study is shown in Figure 1. The physical properties, 
modulus of elasticity E  and density  , of the beam are constants. While the beam thickness and 
width are varied linearly along the beam axis. The beam is clamped at one end and free at the other, 
the cross sectional area and moment of inertia at the large (Clamped end) are 1bA  and 1bI , 

respectively. 
 
The thickness of the beam is assumed to be small compared to the length of the beam, so that the 
effects of rotary inertia and shear deformation can be ignored. The beam transverse vibration can be 
considered to be purely planar and the amplitude of vibration may reach large values. 
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Figure 1. A Schematic Drawing of the Tapered Cantilever Beam 
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2.2 Derivation of the Equation of Motion 
 
Using the deformed beam, see Figure 2, the potential energy of the beam can be written as 
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where ls / ,  I  is the variable second moment of area and R is the curvature of the beam 
neutral axis and can expressed as [8, 10] 
 
R   (2) 
 
where 1/ l  , the prime is the derivative with respect to the dimensionless length,  , and  is 
the change of the slope along the beam (see Figure 2). In order to express the exact curvature in 

terms of the transverse deflection, v , it is noted that 2cos 1 sin   . This implies that 

sin d / dv s v     (as in Figure 2). Differentiating sin v    with respect to , using the above 
trigonometric identities, expanding the resulted term in a power series and retaining the terms up to 
the fourth order, the nonlinear curvature R  can be written as 
 

 2 4 2 2 2 2" " 'R v v v    (3) 

 
The kinetic energy T  of the beam can be written as 
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where u  is the axial shortening due to bending deformation as can be seen in Figure 2. The 
inextensibility condition dictates that a total axial shortening u  is given by [11] 
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Expanding the radical term in a power series, assuming that   12 v , the axial shortening can 
be represented as 
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Differentiating Eq. 6 with respect to time yields 
 

 2

0

1
 d

2

d
u v

dt



    (7) 

 
 



262                                 Nonlinear Natural Frequencies of a Tapered Cantilever Beam                             
 

 

x

y

u

s

s

v





ds
dv

 
Figure 2. The Deformed Inextensible Beam 

 
The Lagrangian of the beam under consideration can be expressed as 
 
L T V   (8) 
 
It is clear that the continuous system in Eq. 8 does not admit a closed form solution. The interest 
here is in the case where the beam motion is governed by single active mode. The Lagrangian of 
the system L  can be discretized by using the assumed mode method and substituting 
 
     , iv t q t    (9) 

 
where   i  is the normalized, self-similar (i.e. independent of the motion amplitude) assumed 

mode shape of the beam and  tq  is an unknown time modulation of the assumed deflection mode 

  i . In the present work   i  for a double tapered beam is (see reference [6]): 
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where 2

1bA)(A    and 4
1bI)(I   , and  for wedge-type beams (single taper) 
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LA   , l  is the linear frequency of vibration, J  and Y  
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are Bessel functions of the first and second kind, respectively, and I  and K  are modified Bessel 
functions of the first and second kind, respectively. 1C , 2C , 3C  and 4C , are arbitrary constants 

to be determined by imposing the following boundary conditions to both ends of the beam; zero 
bending moment and zero shear force at the free end and zero deflection and zero slope at the 
clamped end. 
 

  0( ) 0iEI      
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Using Eqs. 7, 9 and 10 or 11 the Lagrangian expression of the tapered beam under consideration 
can be expressed as, for the i-th mode of vibration 
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For the double tapered beam; 2

1b
*
1 AA   and 4

1b
*
1 II   and for single tapered beam, the 

wedge beam 1b
*
1 AA   and 3

1b
*
1 II  . 

 
Applying the Euler-Lagrangian equation to the system Lagrangian 
 
d
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the following non-linear, non-dimensional uni-modal equation of motion is obtained: 
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   2 2 2 3
1 2 3 42 0q q q qq q q            (19) 

 
Due to the fact that, some of the coefficients i , defined by Eqs. 14-17, may have large values, Eq. 

(19) for convenience is scaled to the form; 
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A dot is used to denote a derivative with respect to the non-dimensional time.   tt
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Eq. 20 describes the non-linear non-dimensional planar flexural free vibration of the inextensible 
tapered beam. In this equation, the terms 2

1 qq  and 2
1 qq   are inertia non-linearities arised from 

using the inextensibility condition in the kinetic energy and they are of softening type (i.e., they 
lead to a decrease in the natural frequency when the vibration amplitude increases). The non-linear 
term 3

2q  is due to the potential energy stored in bending and arises as a result of using non-linear 
curvature and it is of hardening static type (i.e., it leads to an increase in the natural frequency when 
the vibration amplitude increases). The nonlinear natural frequencies of the beam are dominated by 
the two competing non-linearities mentioned above, and the behaviour of the tapered beam 
considered in this work is either hardening or softening depending on the ratio 21  [10]. 
 
 
3. METHOD OF SOLUTION 
 
The calculations of the coefficients i  in Eqs. 14-17, 1  and 2  indicate that the non-linear 

oscillator described in Eq. 20 is strongly nonlinear, and the nonlinear natural frequencies are 
calculated using the Harmonic Balance method (HB). The initial conditions are taken to be 

Aq )0(  and 0)0( q  where A  is the amplitude of the motion. 
 
According to the HB method, an approximate single term solution (SHB) [8, 9] takes the form  
 

* *( ) cos( )q t A t  (21) 
 
where   is the non dimensional nonlinear natural frequency, i.e. the ratio of the nonlinear 
frequency to the linear one. Substituting Eq. 21 and its derivatives into Eq. 20 and equating 
coefficients, one obtains  
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To improve the accuracy of the assumed solution, more terms can be added and a two term solution 
is sought (2THB), such that 
 

* * *
1 3( ) cos( ) cos(3 )q t A t A t    (23) 

 
As one can see, the added term is of order three and this is due to the fact that the nonlinear terms 



                                    M. Abdel-Jaber, A.A. Al-Qaisia and M.S. Abdel-Jaber                                 265 
 

in Eq. 20 ” 2
1 qq , 2

1 qq   and 3
2q ”are odd and of order three. 

 
Using the above mentioned initial conditions, yields 
 

1 3A A A   (24) 

 
Substituting Eq. (23) and their derivatives into Eq. (20) and equating the coefficient of each of the 
assumed harmonics, one obtains 
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Eqs. 25 and 26 are solved numerically for a given amplitude A , using an iterative technique with 
an accuracy of 610 . 

 
 

4. RESULTS AND DISCUSSION 
 
The derived non-linear non-dimensional uni-modal equation of motion given in (20) is valid for 

vibrations with large amplitudes and small rotations, i.e.   12 v , which is the case in structures 
with high slender ratio. 
 
The coefficients of the terms i  given in Eq. 19 are calculated by integrating numerically the 

coefficients given in Eqs. 14-17. Also, it is worth mentioning that the range of motion amplitudes to 
be considered in the present work, (i.e., the values of vibration amplitude A ), is assumed to be up 
to 0.1  for the first mode, 4.0  for the second mode and 2.0  for the third mode, to be consistent 
with the assumption of large amplitude vibration. For example, a vibration amplitude of 1 
corresponds to a ratio of tip displacement/length of the beam. 
 
The accuracy of the calculated nonlinear natural frequencies was first examined by comparing the 
results obtained using: the Harmonic Balance method using single (SHB) and two terms (2THB) 
given in Eqs. 22 and 26, for the double tapered beam and 1.010  bb , as shown in Figure 1. 

Results were obtained and presented in Figures 3-5, for the first three modes. As one, can see the 
SHB fails to predict the correct nonlinear natural frequency, specially for the second and third mode, 
and the 2THB method is more accurate. Consequently, all the remaining results were obtained 
using the method of Harmonic Balance method with two terms (2THB). 
 
In Figures 6-8, results were obtained for the double tapered beam and for different values of the 
taper ratio 10 bb . Results have shown that the behavior of the first and second modes is 

changed from hardening to softening when the taper ratio is increased, while the third mode is of a 
softening type regardless the value of the taper ratio  . This is due to the fact that when the taper 
ratio   increases the mode shape is modified accordingly, which in turn affects the values of the 
calculated coefficients i  given in Eq. 19 and the values of 1  and 2 . 
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Figure 3. Nonlinear Natural Frequency Versus Amplitude of the First Mode,  

Double Tapered Beam and for 1.0              SHB,              2THB 
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Figure 4. Same as in Figure 3, but for the Second Mode 
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Figure 5. Same as in Figure 3, but for the Third Mode 
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Figure 6. Nonlinear natural frequency versus Amplitude of the first mode, double tapered. 

1.0 ,             2.0 ,              3.0 , 
4.0 ,            5.0  
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Figure 7. Same as in Figure 6, but for the second mode 
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Figure 8. Same as in Figure 6, but for the third mode 
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The nonlinear equation of motion given in Eq. 20, as mentioned before, is dominated by the non 
linearities; ( 2

1 qq  and 2
1 qq  ) and 3

2q , inertia and static nonlinearities, respectively and the 

behavior is of hardening type when the ratio 6.1)( 21   and of softening type when 

6.1)( 21   [10]. 
 
In Figures 9-11 a comparison between the double tapered and wedge type beams for different 
values of taper ratio 10 bb  is presented also. Results have shown that for a given value of 

taper ratio , the nonlinear natural frequency of a double tapered beam is higher than that of a 
wedge type “single taper beam”. 
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Figure 9. A comparison between the double tapered beam (D) and “wedge” single  
tapered (S) of the Nonlinear natural frequency versus Amplitude of the first mode. 

 
1.0  (D),            1.0  (S) 
3.0  (D),            3.0  (S) 
5.0  (D),            5.0  (S) 
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Figure 10. Same as in Figure 9, but for the second mode. 
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Figure 11. Same as in Figure 9, but for the third mode. 
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5. CONCLUSIONS 
 
A mathematical model for calculating the nonlinear natural frequencies of a tapered cantilever 
beam is derived. The axial shortening due to transverse deflection and the nonlinear curvature are 
used in the formulation of the kinetic and potential energy, respectively. The assumed mode method 
is used to discretize the continuous Lagrangian of the system and the resulted uni-modal nonlinear 
differential equation of motion is solved using the Harmonic Balance method (HB) to calculate the 
nonlinear natural frequencies for the first three modes of vibrations and for different values of the 
taper ratio 10 bb  for two types of beams; double taper and single taper “wedge shaped”. 

 
Results have shown that for the first and second modes the behavior is changed from hardening to 
softening type when the taper ratio   is increased, while the third mode is of a softening type 
regardless the value of the taper ratio  . Also, for a given value of a taper ratio, the nonlinear 
natural frequency of a double tapered beam is higher than that of a single tapered beam. 

 
From the results presented for the effect of taper ratio   on the nonlinear natural frequencies, a 
qualitative change was noticed, i.e. when the nonlinear natural frequency changes from hardening 
type to a softening type. This would require a more detailed analysis to study the dynamic response 
of the beam under a given excitation load which is currently under consideration and beyond the 
scope of the present work. 
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