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ABSTRACT: Currently, calculations of plates in compression are based on the semi-empirical effective width
method which was developed by Winter et al.

The effective width method takes the post-buckling capacity into account. The aim of the paper is to establish an
effective width method, which is derived on the basis of a consistent theory. The method rests on the theory of
plasticity, particularly the yield line theory. Emphasis is on buckling problems related to plate girders. Two general
cases are studied: Plates in uniaxial compression supported along all edges, cf. the compressed flange in a box girder,
and plates with one free edge, cf. the compressed flange and the transverse web stiffeners in an I-shaped girder.

The results presented coincide closely with Winter’s formulae and with tests.

Keywords: Post-buckling, thin plates, theory of plasticity, yield line theory, effective width method, failure
mechanisms, stability, in-plane loading

1. INTRODUCTION

It was deduced many years ago that the elastic buckling theory is not able to accurately account for
the real strength of plates (Schuman and Back [12]). The main reason for this is that, in a large
parameter interval, the ultimate load is reached after yielding of the plate. This fact was also
pointed out by Karmén et al. [8], who suggested modifying the elastic solution by an empirical
coefficient. This idea was taken up by Winter [15], who developed accurate formulae for the two
important cases considered in the following. Winter’s method is an the effective width method, on
which calculations of plates in compression are still based.

Any design method thus has to take into account that plates in compression may carry loads much
larger than the load for which elastic buckling will occur.

The aim is here to establish an effective width method, which is derived on the basis of a consistent
theory. The method rests on the theory of plasticity, particularly the yield line theory. The new
constribution of the paper lies in the way the yield line theory is applied on the deflected shape of
the plate. The emphasis is attached to buckling problems related to plate girders. Two general cases
are studied: Plates in uniaxial compression supported along all edges, cf. the compressed flange in a
box girder, and plates with one free edge, cf. the compressed flange and the transverse web
stiffeners in an I-shaped girder.

The basics of the theory are described in Chapter 2. How to take geometrical second order effects
into account is illustrated by a column example.

Solutions for plates in uniaxial compression supported along all edges are presented in Chapter 3,
while solutions for plates with one free edge are treated in Chapter 4. Both chapters contain a
comparison between the theory and the experimental results, on which Winter’s formulae were
based.
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The effect of imperfections is touched upon in Chapter 5 and other possible applications of the
theory are mentioned in Chapter 6.

1.1 Historical Overview

Bryan [2] was the first to develop a solution for the elastic critical stress of a rectangular plate
simply supported along all edges and subjected to a uniform longitudinal compressive stress. Later
a large number of solutions using Bryan’s equation have been derived, see for instance
(Timoshenko and Gere [14]).

In general the elastic critical stress may be expressed as

nE tY
(O —km(gj (1)

in which £ is Young’s modulus, v Poisson’s ratio, #/b the thickness-to-width ratio and & is a
buckling coefficient, which is a function of plate geometry and boundary conditions. Useful
information on k-factors may be found in a number of references, e.g. (Timoshenko and Gere [14]).

Tests by Schuman and Back [12] on plates supported by V-grooves along the unloaded edges
demonstrated that, for plates of the same thickness, an enhancement of the plate width beyond a
certain value did not increase the ultimate load. Wider plates acted as though narrow side portions
or “effective load-carrying areas” took most of the load. Furthermore, the ultimate load was found
to be up to thirty times larger than the elastic critical buckling load determined by Bryan’s equation,
cf. Eq. 1.

It is now well known that the post-buckling resistance of plates is due to redistribution of axial
compressive stresses, and to a lesser extent, to tensile membrane effects and to shear that
accompany the out-of-plane bending of the plate in both longitudinal and transverse directions. The
longitudinal stresses tend to concentrate in the vicinity of the longitudinally supported edges, which
are the stiffer parts of the buckled plate. As a result, yielding begins along these edges, which limits
the load-carrying capacity.

Several researchers have been prompted by the tests of Schuman and Back [12] to develop
expressions for the ultimate strength of such plates. The first to use the effective width concept in
handling this problem was Kérman et al. [8]. They derived the following approximate formula for
the effective width, b,, of plates supported along all edges, based on the assumption that two strips
with total width, b, along the sides, each on the verge of buckling, carry the entire load:

po__ " L |E 2
“FE N

Here o, is the edge stress along b, and the remaining notation is as in Eq. 1.

As a result of many tests and studies of post-buckling strength, Winter [15] suggested the following
formula for the effective width:

b =19t 5(1.0—0.5741 EJ 3)
o b\ o

e e
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This equation has been modified several times over the past. In the latest version, adopted in
Eurocode for steel structures, EC3 [4], the formula is written as

b c c

b _ &(1.0—0.22 Our ) (4)
In the calculation of the ultimate compression load, the edge stress, o, is taken to be equal to the
yield stress of the plate material. The elastic critical stress, o, is determined by Eq. 1. Eq. 4
corresponds to Eq. 3 if the factor 0.574 is substituted with a factor of 0.415.

For plates supported along only one longitudinal edge, the effective width has been experimentally
determined by Winter [15]. The original formula was

b =125 ££1.0—o.3331 Ej (5)
c b\ o

e e

This equation has also been modified several times. In the latest version, adopted in EC3 [4], it is
written as

b _ %[1.0—0.188 /G—] (6)
b c, c,

In the 1993-edition of EC3 [3], Eq. 4 referred to the case of plates supported along all edges and
plates with one free edge. Hence, the difference between the two cases is only the value of the
buckling coefficient, k. It is practical and convenient to have only one expression. The reason for
changing the factor 0.22 to 0.188, for plates with one free edge, is as yet not know to the authors.
But the adjustment seems to be rather insignificant.

2. POST-BUCKLING THEORY FOR PLATES IN COMPRESSION

The basic idea is to use plastic theory in the form of limit analysis on the deflected shape of the
plate. The deflected shape has to be estimated which is done by using simple formulae from beam
and plate theory. The plastic analysis is carried out using yield line theory. Hence, strain hardening
is not taken into consideration. Furthermore, the effect of residual stresses is not considered since,
according to the theory of plasticity, they have no influence on the load-carrying capacity.
Imperfections may easily be taken into account if it is assumed that the imperfections have the
same form as the deflected shape of the plate at maximum load.

The contribution of the paper lies in the way the yield line theory is applied on the deflected shape
of the plate. Since the deflected shape has to be estimated, the application of the method requires
qualified engineering judgement.

2.1 Yield Line Theory
Yield line theory is an upper-bound method. The mechanisms considered are a system of bending

yield hinges along lines, the yield lines. The load-carrying capacity is determined by the work
equation, equalising external work and dissipation in the yield lines.
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It is assumed that the plane stress field existing before buckling is known so that the principal
normal forces may be found whereby the corresponding yield moments may be determined. In an
unloaded direction, the bending capacity, m, reaches the full yield moment per unit length in
bending, m,:

m=mp:%t2fy (7)

where ¢ is the thickness of the plate and f, the yield stress. In the direction of a principal
compression or tension (normal force n per unit length), the bending capacity, m, is reduced due to
the normal force as for beams subjected to combined bending and normal force, i.e.

m=m, 1—(%] )

where m,, is given by Eq. 7 and n, = t f, is the load-carrying capacity in pure compression or tension.
By determining the yield moments in the two principal directions in this way, the simplification
suggested by Johansen [6] may be used to calculate the bending moment in a yield line, m,, as

m, =m, sin’B+m, cos’p 9)

where [ is the angle between the yield line and the x-axis. The x- and y-axes are directed along the
principal directions, and m,, and m,, are the corresponding yield moments per unit length. The
plastic yield moments, m,, and m,,, are determined by either Eq. 7 or Eq. 8. Eq. 9 is correct for
reinforced concrete slabs in general, which was shown by Nielsen [11]. It is also correct if the yield
condition in principal moment space is square or rectangular. For steel plates, such assumptions are
dubious, when the slab is acted upon by torsion. Nevertheless, Eq. 9 is used in the following with
surprisingly good results.

A number of different researchers have developed formulae for the plastic moment capacity of
inclined yield lines, the first being Murray [10]. Hiriyur and Schafer [5] and Zhao [16] have shown
that the solutions obtained by the different proposals vary widely, and Zhao [16] concludes that
nothing better than the method suggested by Murray [10] has been found. The present paper aims at
improving this state of affairs.

2.2 Effect of Deflections

From the general theory of beam-columns, it is known that the equilibrium equations may be
derived for the undeformed structure if a fictitious load is included. The fictitious load is a moment
per unit length of the beam, equal to

m=NH (10)

where N is normal force and u the deflection, transverse to the beam axis, x. The statical
equivalence of m may be expressed in several ways, but for a given part of a beam subjected to a
constant normal force, N, it may conveniently be expressed in the following simple way: The total
moment, M, on a beam (A4-B), when N is constant, is
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B B du B du
M:J.Amdsz Nadx:NJ‘Ade:N(uB—uA) (11)

=NAu

which may be split into two forces, N Au/L, in the two end points. The two forces are transverse to
the beam as shown in Figure 1.

The value of these forces is independent of the deflected shape between the end points (4 and B).
Only the difference in the deflection at the end points is important. The work in a virtual
displacement, where the beam considered moves as a rigid body, may then be determined as the
work done by the two forces, N Au/L.

In the simple cases considered in the present paper, the above result may be used by considering the
plate as being subdivided into strips with constant normal force. In Figure 2, a simply supported
square plate subjected to uniaxial compression is shown.

N Au/L
- .

N 114/— JZ/IA

Us Ius—uA =Au
<—
I /’TB N

¢N Au/L
Figure 1. Part of a Beam Subjected to a Constant Normal Force, N,
and Statically Equivalent Transverse Forces in the End Points

ALY
| L

I’l_’ é}%x
A \\Q:ll[\ . .EMB’

Figure 2. Plate Subdivided into Strips with Infinitesimal Widths
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The strip, marked by the dashed lines, has a normal force, n, per unit length. The transverse forces
are a uniform load, ny, along the lines (4 and B) acting upwards in (4) (i.e. perpendicular to the
x,y-plane), and a uniform load acting downwards in (B). For a displacement increment, J, along the
line (B), the external work for the strip, d,, is given by

dW,=nydyd (12)

where the angular deflection increment, v = up/L. The dissipation contribution from the strip is
determined by

dWl.zmdy% (13)

where m is calculated by Eq. 8.

23 Column Example

The procedure is illustrated by a simply supported column, see Figure 3. The deflected shape of the
column is characterised by the deflection in the midpoint at maximum load, u,. The column is
centrally loaded by a compressive normal force, N, and thereby each half is subjected to the forces,

Ny. In the figure they are only shown in the midpoint.

The column is given a lateral displacement increment, 6, at the midpoint, as shown in Figure 4,
where a plastic yield hinge is formed.

The external work of the mechanism is
We:2N\uS=4NuT’”6 (14)
and the dissipation is

MP

\l/zzum/L

N \vl lN v
Figure 3. Deflected Shape of a Simply Supported Column

Ny, Ny

Figure 4. Failure Mechanism for a Lateral Displacement Increment, 6
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Here, M, is the plastic yield moment, which must be reduced due to the normal force.
The work equation renders:

Nu,=M, (16)

In this case just, the usual equilibrium equation is found.

A constant, solid and rectangular cross-section of the column is assumed in order to compare the
result with the solutions derived later for plates. Hence, the following solution also corresponds to a
rectangular plate with two free unloaded edges. The sides of the rectangular cross-section are
denoted b and ¢, respectively, where b > ¢ is assumed. The plastic yield moment, reduced due to the
normal force, is then

2
1 N
M =—btf 1—[—] (17)
P4 y N,

N is the normal force, f, the yield stress and N, = b ¢ f, is the load-carrying capacity in pure
compression or tension.

The next step is to find a good estimate for the deflected shape of the column. The maximum
deflection for a beam may in general be determined as

u, =L (18)

where « is the curvature in a selected point, L the length and o is a parameter depending on the
shape of the curvature function. In the following, o = 8, corresponding to a constant curvature
function, is used.

In a beam or column with yielding, the deflection corresponding to maximum load tends to be
reached when the yield strain, €,, is obtained in one or both faces. Here it is assumed that the
deflection at maximum load may be found by assuming that the yield strain, €, = f,/E (f, is yield
stress and £ Young’s modulus), is reached in both faces. Thus the curvature is determined by
2 g, /t. The resulting formula is modified by a parameter, p, in the following way:

19)

The parameter, L, is an empirical coefficient accounting for the effect of imperfections and residual
stresses. Hence for the column in Figure 3, the deflection equals:

128)/“‘ 2 1 f) L2
S Uy e Sl 20
"= AMET 20)

u

Inserting Eq. 17 and Eq. 20 into Eq. 16, the load-carrying capacity expressed by the
non-dimensional value, N/ (b t f,), is found to be



522 An Improved Effective Width Method Based on the Theory of Plasticity

L=—luk2+‘/lp2k4+l (21
bt f, 2 4

where the parameter, A, has been introduced:

L|L
N E

A= (22)

Now this result is compared with the EC3 [4] formulae. Here a non-dimensional slenderness ratio,
A, given by

_ AL
= (23)

1s introduced.

In this formula, 4 is the cross-sectional area and N, is the elastic critical buckling force (the
Euler-load), see the following Eq. 27. For a solid, rectangular cross-section where A is given by Eq.
22, ), may be expressed as,

_V12 L 2,

A 24

" n VEt = 24)
The load-carrying capacity according to EC3 [4] is given by

N, 1

. (25)

btf, ®+,®>-22
where
®=05(1+a (), -02)+1]) (26)

The so-called geometric equivalent imperfection factor o in this equation may be obtained from
Table 1. Notice that o here is not the same as the o introduced in Eq. 18.

The buckling curves according to EC3 [4], cf. Eq. 25, and the curve given by Eq. 21 for p = 1.4 are
shown in Figure 5. It turns out that by choosing a value of p between 1.2 and 1.6, all buckling
curves in EC3 [4] may be well represented. For u = 1.4, the result coincides very closely with the
buckling curve b. The figure also shows the Euler curve, which for a solid rectangular cross-section
is given by

N 1 _nzﬁ

12

IS 27)

Table 1. Imperfection Factors for Buckling Curves According to EC3

Buckling curve do a b c d
Imperfection factor o | 0.13 0.21 034 049 |0.76
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N/(btf)

0

Figure 5. N/ (b t ;) as a Function A, Plastic Theory and EC3

If the column in Figure 3 is also subjected to a lateral load, ¢, per unit length along the entire length,
L, then this load is easily included in the calculations. The work done by the lateral load is simply
added to the external work, thus the work equation becomes, cf. Eq. 16,

Num—i-%qu =M (28)

P

Other column cases may be treated in a similar way but this is not our purpose here.

3 PLATES SUPPORTED ALONG ALL EDGES

The compression flange in a box-girder may be considered as a plate simply supported along all
edges. How to determine the post-buckling strength of plates supported along all edges is presented
below.

3.1 Square Plates

The square plate in Figure 6 is considered. It is simply supported along all four edges and subjected
to a uniform load per unit length, n, along two opposite edges.

& & 4 A 4 4

Figure 6. Failure Mechanism for a Simply Supported Square Plate
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The first step is to find a good estimate for the deflected shape of the plate. As stated in Section 2.3,
the maximum deflection for a beam may in general be determined as

u, = i kL’ (29)
o

where « is the curvature, L the length and o is a parameter depending on the shape of the curvature
function. In the following o = 8 is used, corresponding to a constant curvature function.

In a plate with yielding, the deflection corresponding to maximum load, as mentioned above, tends
to be reached when the yield strain, ¢, is obtained in one or both faces. As in the case of a column,
cf. Section 2.3, the deflection at maximum load may be found by assuming that the yield strain,
g, = f,/E, 1s reached in both faces of the plate. Here, f, is the yield stress and E is the Young’s
modulus. In this case p = 1 is applied, cf. Eq. 19, thus the curvature is determined by (¢ being the
plate thickness)

K=—2 (30)

For a square plate, L is taken equal to the side length, b. Hence, for the plate in Figure 6, the
deflection at maximum load, u,,, is

_lzibz _liﬁ

u, = =
8 ¢ 4 F t

(€29

The next step is to find the optimal failure mechanism (yield line pattern). In Figure 6, two different
yield line patterns are shown, one with the free parameter, X, and one with the free parameter, ¥
(shown with dashed lines), respectively.

For the mechanism with the free parameter, X, the external work for a displacement increment, J,
equals

Wo=axn2e® o(p-2x)n s
b 2 b
% (32)
We=numS(4—4—j
b
and the dissipation is
2 b
W,=4m, 1—(iJ +2m, 8 (33)
n, X

Here, the plastic yield moment, m,, per unit length is given by Eq. 7 and n, = ¢ f, is the
load-carrying capacity in pure compression or tension.

Equalising the external work and the dissipation and inserting Eq. 7 and Eq. 31, the load-carrying
capacity, expressed by the non-dimensional parameter, /(¢ f,), may be written as
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i:—lx2(1—£j+\/lx4(1—£j +1[2+3j (34)
tf, 2 b) \4 p) 2 x

where the parameter, A,

_b L
r=2 (35)

has been introduced.

Eq. 34 is the post-buckling load in this case. The value of n/(¢ f,) as a function of A is shown for
different values of X in Figure 7.

It is seen that n/(¢ f,) > 1 for small values of A, which is not possible in reality, hence a cut-off at
n/(t fy) = 1 must be introduced. With this cut-off, it appears that almost the same load-carrying
capacity is obtained for X=1/2 b, X=2/5b and X=1/3 b.

The mechanism with the free parameter, Y, cf. Figure 6, leads to ¥ = 0 when optimised. However, it
must be remembered that the deflected shape is used both as an estimate of the deflection at
maximum load and as the basis for a choice of the deflection increment at the yield load. Thus a
normal optimisation may not be appropriate. The optimised value for ¥ = 0 is therefore disregarded
and the mechanism corresponding to X =2 b (Y =2 b) is chosen for the following calculations.

In Figure 8, the ratio, n/(t f,), as a function of A for X = 1/2 b is shown together with the elastic
solution, which may be written as, cf. Eq. 1,

n Tk =

tf, 12(1-v7)

(36)

where £ is the buckling coefficient and v is Poisson’s ratio. Here £ = 4 and v = 0.30 are used. The
parameter, A, is given by Eq. 35.

25

R — X=112b

h -- X=2/5b
=+ X=13b
. — X=1/4b
2r 8 - - X=15b ]
- L - - X=1/10b

nl(tf)

Figure 7. n/(t f,) as a Function of A for Different Values of X
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The two curves coincide very closely, which would indicate that no extra post-buckling reserve is
found from this approach. However, the result is incorrect, which is due to the fact that a
redistribution of the stresses occurs when the buckling mechanism develops. This is illustrated in
Figure 9.

As previously mentioned, Karman et al. [8] suggested that the redistribution may be taken into
account by using an effective area subjected to a uniform stress equal to the yield stress, i.e. ¢ =f,
in Figure 9. The same simplification will be used here. Hence the considered plate is subjected to a
load per unit length equal to the yield stress multiplied by the thickness of the plate, i.e. n = n, = tf,,
which is applied along two strips with the width equal to the unknown width by, see Figure 10.

1 T T T T T T T T
\
091 : - — Elastic

0.8
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0.6
>

051

ni(tf)
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I I I I I I I I
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e ]
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—
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20 tfy b
tfy tfy ib
b.§|
tf tf

P
_____

Se3 N
.....

1T?3 W=2u/b
thvewifry

Figure 10. Simply Supported Square Plate Subjected to
Uniaxial Compression Along Strips of width b;
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The external work, W,, and the dissipation, W, are for & = 1, respectively:

2

W, =8t fu, 2 (37)

2
t
W =8m, 2| 1- Lol fegm (1—ﬁj=8m (1—b—SJ (38)
) n, b b ’ b

=0

Again, u,, is the deflection at maximum load, m, is the plastic yield moment per unit length given
by Eq. 7 and n, = t f, is the load-carrying capacity in pure compression or tension.

The contribution from the part of the yield lines running in the widths, b;, is equal to zero, as
n, =t f,. Inserting Eq. 7 and Eq. 31, and using W; = W, b, is found to be determined by

2
%bf +b =0 (39)

Denoting the total effective width b, =2 b,, we find

[;—e: AT YA 407 (40)

where A is given by Eq. 35.

The average stress relative to the yield stress, f,, along the whole width, b, from the yield force, b, ¢
fy» along b, is b, t f,/(b t f,) = b./b. For a solution with uniform load, n, along the whole width, b, the
average stress relative to the yield stress is n/(z f,).

In Figure 11, b./b, cf. Eq. 40, is shown as a function of A.
The elastic buckling load characterised by #/(¢ f,), cf. Eq. 36, is also shown. It appears that the plate

may carry compressive forces considerably above the elastic buckling load. The first to
demonstrate this through tests appear to be Schuman and Back [12].

1

;
— Theory
0ol ! — Elastic ||

\ - - Winter

\h - - Karmén
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b /b

0.4

0.3

Figure 11. b./b as a function of A
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The third curve plotted in the figure is the semi-empirical expression derived by Winter [15]. With
the introduced parameter, A, given by Eq. 35, it may be written as, cf. Eq. 4,

b, nk

Ze _ . 14)_22&

A 41)
b i2(1-v?) 12(1-v?)

Finally, a cut-off at b.,/b = n/(t f,) = 1 has been introduced.

Winter’s formula is a modification of the original formula introduced by Kérman et al. [8]:

%:Cégz“l “2)
y

where C is an empirical constant. Based on the tests made by Schuman and Back [12], C = 1.9 was
found. Eq. 42 is also shown in the figure.

Regarding Eq. 42, Winter [15] argued that C should depend on the parameter A”'. Based on his own
tests and those made by Sechler (Winter [15]), he found the best fit to be

C=1.9—1.09é f£=1.9—1.097cl (43)

y
As previously mentioned, this formula has later been modified several times.

Eq. 41 is the newest modification and it is adopted in EC3 [4]. Eq. 41 corresponds, for k = 4 and for
v =0.30, to

C=19-042)\" (44)

Figure 11 shows that the present theoretical result closely follows Winter’s semi-empirical solution.

1

09
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b /b
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I I I I I I
0 2 4 6 8 10 12 14 16

Figure 12. b./b as a Function of A for o = 8 and a = 10, respectively
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In order to investigate the sensitiveness of the solution, Eq. 40, to the estimated deflection at
maximum load, it is compared with the solution using o = 10 in Figure 12.

Choosing o = 10 in Eq. 29 approximately corresponds to a sinusoidal curvature function (o = 1* =
10). For a = 10, the effective width is determined by

[Z—e= —%k‘z + /%7{4 +507 (45)

where A is still given by Eq. 35.

Eq. 45 gives a post-buckling strength up to 11 % larger than that obtained by Eq. 40 for the
A-interval shown in Figure 12. Hence, the theory seems to be relatively insensitive to the estimated
deflection at maximum load.

When von Mises’ yield criterion is applied, m, in Eq. 38 is replaced by 2m,, /N3 if uniaxial strain is
supposed. In that case also n, should be increased and b./b then will measure n relative to the

increased value of n,. Thus it turns out that nothing is changed, since b./b is still given by, cf. Eq.
40,

%: A A A (46)

In practise one is on the safe side by using the uniaxial yield stress. Thus the former solution is
applied.

3.2 Rectangular Plates

It is a well-known fact that a long rectangular elastic plate subjected to compression in the
longitudinal direction buckles into a shape of half waves with a length equal to the plate width, see
Figure 13. This result is applied when estimating the post-buckling strength. Thus a long plate is
subdivided into a number of square plates where the previous yield line patterns may be applied, cf.
Section 3.1. The vertical lines between the square regions will act as simple supports, since if one
square region forms a wave downwards, then the adjacent regions will form a wave upwards.
Therefore, the post-buckling strength or the effective width for a long rectangular plate is in general

given by Eq. 40.

Figure 13. Deflection Shape and Failure Mechanism for Long Simply Supported Rectangular Plates
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Now consider a rectangular plate with a length somewhat larger than the width. In Figure 14, the
width is named b and the length named a. The plate is subjected to uniaxial compression, n, = ¢ f,,
acting on the two strips, b.

The failure mechanism has the free parameter, X. The maximum deflection, u,, is assumed to be
given by Eq. 31. The external work is then for 6 = 1 given by

2

u b
wo=at f s 47
. fyX ) 47)

and the dissipation

wo=om [ L_2br8 (48)
"x Tx T

Hence, b; may be determined by

2
%bﬁ+%bs—t2[%+)];aj=0 (49)

The effective width, b, (b, = 2 b;), is then found to be

l;)—e =17+ \/x-“ +4(%+ )ijx-z (50)

where A is given by Eq. 35. Furthermore, in the above equations, ¢ is the thickness, £ is Young’s
modulus, f, the yield stress, m, is the plastic yield moment per unit length given by Eq. 7, and
n, = t f, is the load-carrying capacity in pure compression or tension.

Assuming X = 2 b, the effective width is determined by

%:-x%\/xuz(nz")w (51)

When a is larger than, or equal to, b, it appears that Eq. 51 gives the smallest post-buckling strength
if a is equal to b. Hence in practice, the yield line pattern for a square plate may be considered as
the optimal solution, rather than the pattern shown in Figure 14.

tf tfy 2b

tf, tfy 3

b\J ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 14. Failure Mechanism for a Short Rectangular Plate
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Special attention is required for plates where a is smaller than b, but the theory may also easily be
applied to this case.
The yield line pattern shown in Figure 15 is considered, where a is still larger than 5 but the loaded
strips are now vertical. The plate is subjected to a load per unit length equal to the yield stress, f,,
multiplied by the thickness, ¢, along two strips of width b,. The failure mechanism has the free

parameter, X. The work equation must be derived separately for the two cases, by < X and b, > X,
respectively.

In the case b, < X, the external work for d = 1 is given by

W, =4t f,~mp? (52)
e y bX S

and the dissipation

a b, 165b
W.=4m | =——-2>5 4+ - 53
l p(b b 2X] (53)

where m,, 1s the plastic yield moment per unit length given by Eq. 7.

The maximum deflection, u,,, is taken as the deflection of a beam in the direction of the uniaxial
compression with the curvature given by Eq. 30. Thus

2¢ 2
y 1280 167 (54)

"8t 4 E t

Equalising the external work and the dissipation, the width of each strip, bs, for by < X is found to
be determined by

2
X X 1
Ty nt Xy _p(aX 1) (55)
E b b 2
b b
lzfy tfy tfy
tfyy
>
g0 2
tfry ."'
+—|
<+
AT X X
8% |
\ b
w=2um/b\:m
thy tfy 1fy

Figure 15. Failure Mechanism for a Web Plate with a > b and b, < X
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In the case b, > X, the external work for 6 = 1 is given by
m=4rfy”7m(2bs—x) (56)

and the dissipation, which is identical to Eq. 53, is

a b. 15b
Wo—dm [L22 10 57
’ m”(b b 2)(] 7

Equalising the external work and the dissipation, the width of each strip, b, for by > X is found to
be determined by

2
2 Lrpiat b, Drpxip (Llﬂj (58)
E T E b 2X

In Section 3.1, it was shown that inclined yield lines under an angle of 45° are normally a good
choice, noting that minimising b, with regard to X did not lead to any useful result. Hence, an angle
of 45° is also chosen here, i.e. X= 1 b.

Denoting the effective width b, = 2 b, the effective width for b, < X (= b, < b) is given by

2 2
be _ 520, \/x“(é} +2x2(b—2+2J (59)
a a a a a
and for by > X (= b. > b)
b ;k2b+b+1
Ze_£ a4 a 60
a A2+l (60)

In both Eq. 59 and Eq. 60, b./b < 1 is required, and A is given by Eq. 35.

The parameter, b./a, through Eq. 59 and Eq. 60 as a function of A is shown for different values of
a/b in Figure 16. In Figure 17, the ratio, b./b, as a function of A is shown for different values of a/b.
For the two cases treated above, the ratio, b./b, may be written as:

For b./b < 1:

b -2 —4 2 a

L =N+ AT +2A (—+1j (61)
b b

For b./b > 1:

b l7»2+ﬂ+1

De_2 b (62)

b A +1
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By inserting b./b =1 in either Eq. 61 or Eq. 62, it is found that the two curves, for any value of a/b,
in both Figure 16 and Figure 17, intersect for

a
A= \/% (63)

Since, b, < a is required, a cut-off at b./a =1, as shown in Figure 16, must be done for all curves. In
Figure 17, it is shown that each curve has a cut-off for b./b equal to the value of a/b corresponding
to the actual curve. By inserting b, = a into, for instance, Eq. 62, it is verified that the cut-off, in
both Figure 16 and Figure 17, takes place for

a 1 -1/2
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b /a
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Figure 16. b./a as a Function of A for Different Values of a/b
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Figure 17. b./b as a Function of A for Different Values of a/b
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33 Comparison with Experimental Results

The Schuman and Back [12] tests dealt with separate rectangular flat plates of four different metals,
1.e. Duralumin, Stainless Iron, Monel Metal and Nickel. Eq. 40 is compared to these tests in Figure
18. The figure also shows the elastic solution, cf. Eq. 36, Winter’s solution cf. Eq. 41 and the
solution by Karman et al. cf. Eq. 42. From the figure it appears that all formulae, except the elastic
solution, overestimate the post-buckling strength, in some cases considerably. However, it is
generally accepted that these experiments are unreliable because of the dubious V-groove supports.
Hence, these experiments are not treated further here.

In Figure 19, the theories are compared with more reliable experiments.

The U-beams and I-beams tests made by Winter [15] both consisted of specimens made by bolting
or welding U-sections together. Winter also used the tests made by Sechler (Winter [15]) to verify
his method. The specimens in these tests were single plates, unconnected to any adjacent elements.
These tests have been shown in Figure 19. Furthermore, newer tests by Moxham [9] are included in
the figure. He conducted three test series, denoted Welded, Unwelded and Short in the following.
Also, in these tests, all specimens were separate plates. He developed a new test rig, where he could
establish the simple support conditions in a reliable way. In the Welded series, the longitudinal
edges were heat treated in order to induce residual stresses. The Short series was conducted on
specimens where the loaded edges were slightly longer than the unloaded edges (length-to-width
ratio: 0.875). The theoretical effective width of the short specimens is calculated by Eq. 59 and Eq.
60. The specimens in the Welded and Unwelded series all had a length-to-width ratio of 4.0.

The agreement with all the tests seems to be very good. In Figure 20, the correlation between the
present theory and tests is shown in a more illustrative way. For all tests, a mean value of 1.088 and
a standard deviation of 16.9 % are obtained. For the separate test series, the following results are
obtained:

Sechler: Mean 1.202, standard deviation 17.9 %.

Winter, U-beams: Mean 1.098, standard deviation 18.9 %.
Winter, I-beams: Mean 1.019, standard deviation 4.6 %.
Moxham, Welded: Mean 1.097, standard deviation 12.2 %.
Moxham, Unwelded: Mean 0.931, standard deviation 5.8 %.
Moxham, Short: Mean 0.946, standard deviation 6.4 %.

It may be seen that the tests by Sechler deviate somewhat from the theory, especially for b./b close
to unity. One explanation for this might be initial imperfections, see Chapter 5. Moreover, he may
have applied the same doubtful V-groove supports as Schuman and Back [12]. Without Sechler’s
tests, a mean value of 1.045 and a standard deviation of 14.4 % are obtained.
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4. PLATES WITH ONE FREE EDGE

The compressive flange and the transverse web stiffeners in an I-shaped steel plate girder may be
considered to be long, rectangular plates simply supported along three of the edges, and free along
one longitudinal edge. How to determine the post-buckling strength of such plates is presented
below.

4.1 Rectangular Plates

The considered plate with length a, width b and thickness ¢ is subjected to uniaxial compression,
n, =t f,, along an effective width, b., near the supported longitudinal edge.

The best failure mechanism, with free parameter, X, is shown in Figure 21. It is easily verifiable
that plates with length, a, in the interval, 2 X < a < oo, will have the same post-buckling strength.
Plates with a < 2 X require another failure mechanism, which will be treated in Section 4.3.

The two regions with area, X b, will approximately be subjected to pure torsion. Thus the principal
directions are under 45° with the edges, and the principal curvatures are equal, but with opposite
sign. In the principal directions, the curvatures are estimated to be, in absolute value, the same as in
Eq. 30. Then the torsional curvature, x,,, will also be k,, =2 €,/ f (g, = f,/E is the yield strain and ¢
the thickness), which means that the deflection, u,, at the end point of the yield line in the free edge
will be

2¢
u, :nyXb: )’Xb=2£X—b (65)
t E ¢

For the mechanism shown in Figure 21, the external work is for 6 = 1 given by

W—tfu—"’i (66)
<X

and the dissipation is

X b bej 67)

Wo=2m |+
b X X
be|

tfs tfy b

Figure 21. Failure Mechanism for a Rectangular Plate with One Free Edge
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where m,, is given by Eq. 7. Hence the effective width, b., may be determined by

2
2£b§+1’—be—lz2(£+ﬂj=o (68)
E° 2x 2 \b x

The non-dimensional value, b./b, is then given by

2
bo_ b, L(A] ml(Lijw (69)
b 8 X 64\ X 4\ b X

Eq. 69 is shown for different values of X in Figure 22. A cut-off at b./b = 1 must again be
introduced. With this cut-off, it is seen that almost the same load-carrying capacity is obtained for
X=b,X=4/5b and X=3/4 b; hence X = b is used in the following calculations.

The effective width for X equal to b is found to be

be__Lioy Ly L0 (70)
b 8 64 2

which is shown in Figure 23. The figure also shows the elastic buckling curve given by Eq. 36 with
k = 0.43, cf. (Timoshenko and Gere [14]). Again, Poisson’s ratio v = 0.30 is assumed. The third
curve shown is Winter’s formula in the form given in EC3 [4], which may be written as, cf. Eq. 6,

b, nk

2 A 1—0.188i
b 12(1—\/2) ,/12(1—v2)

Here, £k = 0.43 and v = 0.30 are again used. It is found that the theory gives a slightly larger
post-buckling strength than Winter’s solution.

2! (71)

2
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Figure 22. b./b as a Function of A for Different Values of X
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4.2 Comparison with Experimental Results

Figure 24 shows four test series compared with Eq. 70. The figure also shows the elastic solution cf.
Eq. 36 and Winter’s solution cf. Eq. 71.

In the test series Plates (Bambach and Rasmussen [1]), the specimens were single plates,
unconnected to any adjacent elements. These authors applied the test rig suggested by Moxham [9]
which enabled them to establish simple support conditions in a reliable way. The series
Stub-column, Beams (Kalyanaraman et al. [7]) and I-beams (Winter [15]) all consisted of
specimens made by bolting or welding U-sections together.

In Figure 25, the correlation between theory and test is shown. For all tests, a mean value of 0.877
and a standard deviation of 15.7 % are obtained. For the separate test series, the following results
are obtained:

e Bambach & Rasmussen, Plates: Mean 0.981, standard deviation 8.5 %.

e Kalyanaraman et al., Stub-column: Mean 0.717, standard deviation 6.2 %.

e Kalyanaraman et al., Beams: Mean 0.790, standard deviation 12.1 %.
Winter, I-beams: Mean 0.925, standard deviation 16.7 %.

The theory seems to underestimate the post-buckling strength for the tests Stub-column and Beams.
Kalyanaraman et al. [7]) stated that the mean value of the elastic buckling coefficient was measured
to be around k& = 0.85. This number shows that the longitudinal edges cannot have been simply
supported, since for a plate with a simply supported longitudinal edge k£ = 0.43. For a fixed edge
k = 1.28 according to the elastic theory, cf. (Timoshenko & Gere [14]). The test series I-beams is
defected by a large scatter. Winter [15] gives several explanations for the large scatter. On the other
hand, the test series Plates, with the most reliably established boundary conditions, shows a very
good agreement with the theory.
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Figure 25. Theory Versus Tests

4.3 Square Plates

Square plates in uniaxial compression with one free edge require another failure mechanism than
the one shown in Figure 21 valid for rectangular plates.

The optimal mechanism for a square plate is drawn in Figure 26. It has the free parameter, X, which
is set at X = 2 b. The plate is again subjected to uniaxial compression, n, = t f,, along an effective
width, b,, close to the support.

In this case, two work equations must be derived; one corresponding to b, < X and one
corresponding to b, > X, respectively.

The deflection at maximum load, u,,, is taken as the deflection of a beam in the direction of the
uniaxial compression with the curvature given by Eq. 30. Thus

, 2128, 14,0 (72)
"8t 4 FE ¢
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tf X tf

Figure 26. Failure Mechanism for a Square Plate with One Free Edge
The work equations show that the effective width is determined by:

For b./b < X/b = Y5:

2
%bj +%b€ —%ﬁ =0 (73)
—
%:—%x‘% ik‘4+%7f2 (74)

For b./b > X/b = V5:

2
Loy By 31 sy (75)
E " b)° 2 "4E
=
b _in+s
b A+l (76)

In the above equations, A is given by Eq. 35, b is the total width, ¢ the thickness, £ Young’s
modulus and f; is the yield stress.

Eq. 74 and Eq. 76 are shown in Figure 27 together with the elastic buckling solution, Eq. 36, and
Winter’s solution, Eq. 71.
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Here, the buckling coefficient k£ = 1.43 is applied, cf. (Timoshenko and Gere [14]), and Poisson’s
ratio is taken to be v = 0.30. Again, the theoretical solution gives almost the same result as Winter’s
semi-empirical solution. Unfortunately, no tests have been found in the literature to verify the
theory. This however is not particularly important, since square plates with one free edge are
seldom used in practice.

S. IMPERFECTIONS

As previously mentioned residual stresses will have no influence on the calculations according to
the theory of plasticity.

Approximately imperfections may be taken into account by adding an initial deflection to the
deflection used in the above calculations. Thus it is tacitly assumed that the imperfection has the
same form as the deflected shape used before.

When considering rectangular plates supported along all edges, the deflection at maximum load is
determined by, cf. Eq. 31,

2
um = i%b? + ui (77)

where u; is the initial deflection, £, the yield stress, £ Young’s modulus, b the total width and ¢ is the
thickness. Solving the work equation as shown in Section 3.1, leaves the result

A4 A4 (4x—2”f+1j
b, _ t (78)
b o U
4 7’+1

For an imperfection proportional to the thickness, the term, u,/t, will be a constant.

Another way of taking imperfections and other unknown parameters into account is simply to
introduce an empirical coefficient, p, in the deflection formula. The deflection at maximum load
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may then be written

1/, b’
_ylt 79
R E (7)

The effective width is found to be

b—e=—lx-2+\/i2x-4+4lx—2 (80)
b p 0 u

Imperfections may explain the large deviations in the tests by Sechler (Winter [15]), both from
Winter’s formula and the present theoretical estimate.

In Figure 25, it was shown that the tests by Sechler coincided closely with the theoretical estimate
for small values of b./b, i.e. large values of A, while for low values of A, the deviation was large.
For the tests by Sechler shown in Figure 25, the mean value is 1.202. By requiring the mean value
1.0 and by applying Eq. 79 to find the imperfection coefficient, u = 1.52 is found. The correlation
between the tests and the theory, cf. Eq. 80, with un = 1.52 is shown in Figure 28. In this way, a
smaller deviation is achieved for low values of A, but the scatter is still large.
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Unfortunately, the report by Sechler [13] referred to by Winter has not yet been available to the
authors. From Winter’s reference it is only possible to deduce the value of A, while the thickness of
the specimens remains unknown. By applying Eq. 78 and require the mean value 1.0, u;/t = 1.94 is
found. The correlation between the tests and the theory with u;/t = 1.94, cf. Eq. 78, is shown in
Figure 29.

It appears that the effect is small for large values of A, and large for low values of A, which is
precisely the requirement for removing the discrepancy. However, the effect on the result for low
values of A seems to be too great. Thus by applying Eq. 40, the theory overestimates the
load-carrying capacity for low values of A, while the opposite is achieved by applying Eq. 78.
Hence it is not possible to verify Eq. 78 by these tests.

Apart from initial imperfections, there may of course be other explanations for the large deviations
found in the Sechler tests. In tests, it is very difficult to correctly establish the ideal support
conditions. The supports require the four edges of the initial mid-plane of the plate to remain in the
same plane at all times. A solution was suggested by Schuman and Back [12] for the case of single
plate specimens. In their tests, the specimens were, as mentioned above, supported by V-grooves,
which cause any initial curvature of the edges to increase, which may again cause failure at a lower
load than otherwise expected. The effect will be relatively larger for the thicker specimens.
Therefore problems related to V-grooves might also explain the deviations in the Sechler tests.
However, this is quite hypothetical, since at the moment it is not known if this kind of support was
even used in the tests.

6. OTHER APPLICATIONS OF THE THEORY

The simple theory developed above may be extended to apply to a large number of practically
important cases.

Firstly, an external lateral load may be taken into account by simply adding the work done by the
lateral load to the external work, calculated as above. Further, biaxial compressive loads may be
treated in the same manner without difficulties. Stiffeners and the compression flange in plate
girders may be calculated by formulae given above.

Fixed supports may be treated by adding the contribution from the negative yield line at the fixed
supports to the dissipation. However, the deflection at maximum load must also be changed, so that
it corresponds to the fixed boundary conditions.

Considering two cases of long rectangular plates with fixed unloaded edges (one fixed unloaded
edge and both unloaded edges fixed), the failure mechanisms may be as shown in Figure 30 and 31,
respectively. In both cases, the plate may be subdivided into square plates as shown in the figures.
Here the deflection at maximum load is given by Eq. 31. The load-carrying capacity for a plate
with one fixed unloaded edge is then

%:—x%ﬁ/xusxz (81)

The load-carrying capacity for a plate with both unloaded edges being fixed equals
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IZ—@ . T (82)

Eq. 81 and 82 are shown in Figure 32 and 33, respectively. The figures also show the results
determined be Winter’s formulae. Again, the results presented coincide closely with Winter’s
formulae.

Finally, it is probably also possible to calculate in-plane bending loads. However, other
mechanisms have to be used in this case.
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Figure 30. Failure Mechanism for a Plate with One Fixed Unloaded Edge
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Figure 31. Failure Mechanism for a Plate with Both Unloaded Edges Fixed
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7. CONCLUSION

It is shown that extremely simple estimates of the post-buckling strength of plates with in-plane
loading may be obtained by using plastic solutions for the deflected shape. This shape must be
known or estimated before the calculation can be carried out. It seems that useful estimates of the
deflected shape may be found using simple formulae from beam theory and plate theory.

Initially, the calculation procedure is illustrated by simple solutions for columns. Solutions for
plates are derived for the two practically important cases: Plates supported along all edges and
plates with one free edge. In both cases, the theory is applied on both square and rectangular plates.
Furthermore, it is shown how imperfections may be taken into account. Finally, it is shortly
explained how the theory may be extended to a large number of other practically important cases.
The results have been compared with the well-known formulae of Winter and with tests. The
agreement in both cases is very good.

NOTATION

a plate length

b plate width

b, total effective width

by width of effective strip

b yield stress

k elastic buckling coefficient

m bending capacity of a yield line per unit length; fictitious moment

mp bending moment per unit length in a yield line

m, plastic yield moments per unit length

n normal force per unit length

My load-carrying capacity per unit length in pure compression or tension
My, My, plastic yield moment in the x-direction and the y-direction, respectively
P lateral load per unit area

t thickness

u, us, up deflection; deflection at point 4 and B, respectively
U; deflection from imperfections
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deflection at maximum load

coordinates in a Cartesian x,y -system of coordinates
cross-sectional area

empirical coefficient

Young’s modulus

length

total moment

plastic yield moment

normal force

critical buckling load

load-carrying capacity in pure compression or tension
external work and dissipation, respectively

free optimisation parameters

parameter (shape of curvature function); imperfection factor
displacement increment

yield strain

curvature and torsional curvature, respectively
non-dimensional parameter

non-dimensional slenderness ratio according to EC3
empirical coefficient

Poisson’s ratio

normal stress

edge stress

angular deflection increment

difference

EC3 parameter for calculation of columns
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