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ABSTRACT: This paper proposes a modified formulation of the force density method by adopting finite element 
method procedures and replacing each edge of a 3-node or 4-node membrane element with a linear line element. The 
membrane element model, not the cable-net model, is used for simultaneous shape finding and load analysis. The 
derived force density matrix has a banded, symmetric nature to ensure its effectiveness in an iterative procedure. By 
using the nonlinear shape finding option, a number of nonlinear shape finding problems can be solved for each force 
density mode controlling the shape of the surface. Therefore, it is needs not to use the nonlinear numerical method 
such as NR or DR method. Therefore, the present research may improve the effectiveness and applicability of the 
FDM in linear and nonlinear shape finding problems. The following numerical examples will verify the various 
excellent numerical abilities of the proposed FDM. 
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1.  INTRODUCTION 
 
The force density method (FDM) originally proposed by Linkwitz [1] and Sheck [2], and extended 
by Grundig and Bahndorf [3] and Grundig et al. [4] to solve the equilibrium for any type of 
cable-net structure has also been used as a linear shape finding strategy for architectural fabric 
tension structures conveniently. The advantage of the method is that it provides a linear solution to 
the equilibrium shape finding problem. The final shape obtained by the FDM is independent of the 
initial coordinates of the structures, and the controlling element variable is that of force density 
only.  
 
The analysis process is therefore relatively simple compared with the nonlinear process of methods, 
such as the Newton–Raphson (NR) method [5-9] or the Dynamic Relaxation (DR) method [10-15] 
for minimum surface analysis. Therefore, it can easily be used in practical projects as a repeated 
shape finding process with respect to various types of configurations and can be incorporated into 
specific purpose analysis software such as EASY membrane(Technet), FORTEN 4000, 
RhinoMembrane [16,17]. The main drawback of the FDM is that the final distribution of stress is 
difficult to control. Therefore, once a form has been found, a vector or matrix method must be used 
to analyze its response under a load [10,11,15]. 
 
Recently, generalizded FDM based on FEM are proposed by researchers [8,9,16-19]. Maurin and 
Motro [18] proposed the “The surface stress density method” which uses surface triangular 
elements with an isotropic stress tensor and leads to an iterative procedure which converges on 
configurations that satisfy the laws of static equilibrium. And Pauletti and Pimenta [19] proposed 
the “natural force density method” which uses the concept of natural strains for the finite element 
analysis of membranes [20,21]. And it is the extension of the FDM for the initial shape finding of 
cable and membrane structures, which leads to the solution of a system of linear equations. Their 
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method preserves the linearity of original FDM, and overcomes the difficulties of irregular 
triangular finite element meshes. Moreover, it can be applied to the nonlinear iterative procedure 
for an equally stressed or minimum surface analysis as the uniform, isotropic plane Cauchy stress 
state. Bletzinger et al. [9] proposed the form finding based on the updated reference strategy using 
the latest finite element technology. And this theory is installed in the commercial software, 
Rhinomembrane [16,17] 
 
In this paper, we analyzed the linear and nonlinear shape finding problems by adopting the concept 
of generalized FDM based on FEM that proposed by researchers which has a number of advantages 
over the conventional FDM. In our approach, we replaced each edge of a 3-node or 4-node 
membrane element with a linear line element and uses the membrane surface element model rather 
than the cable-net model for simultaneous shape finding and load stress analysis. Also, the derived 
FDM has a banded symmetric storage nature that could be applied to the iterative procedure 
effectively. We solved a number of nonlinear shape finding problems of the equally stressed 
surface, boundary cable element length control and geodesic line control analysis by controlling 
each force density mode of the surface shape. By using the nonlinear formulation of FDM of this 
paper, it is needs not to use the nonlinear numerical method such as NR or DR method. Therefore, 
the present research may improve the effectiveness and applicability of the FDM in linear and 
nonlinear shape finding problems. The following numerical examples will verify the various 
excellent numerical abilities of the proposed FDM.  
 
 
2.  GOVERNING EQUATION OF NONLINEAR SHAPE FINDING ANALYSIS 
 
The basic governing equation for a nonlinear shape finding algorithm is the general total potential 
energy formulation. We briefly describe the governing equation for nonlinear shape finding 
algorithm in the following. 
 
The total potential energy of a system is the sum of the internal strain energy and the external 
energy. The external energy can be rewritten as the product of the external load vector P  and the 
system displacement vector d . As a result, the total potential energy is given by  
 

dPUΠ T−=                    (1) 
 
and the partial differential equation of Eq. 1 is given by 
 

P
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The partial differential term for internal strain in Eq. 2 can be expressed as the internal force vector 
F , which involves the volume integral of the element stress σ  and the strain-displacement matrix 
B  as follow 
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Where R  is a coordinate transformation matrix. By combining Eqs. 2 and 3, the residual or 
unbalanced force vector g , can be expressed as follow 
 



                                                  K.S. Lee and S.E. Han                                           315 
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From Eq. 4, the tangent stiffness matrix tK  could be derived from the partial derivative of the 
residual vector g  with respect to the displacement d  as 
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Because the static equilibrium state of the structure is the state of minimum potential energy, the 
characteristic equation of static equilibrium can be expressed through Eq. 2 as 

0=
∂
∂

d
Π                      (6) 

 
Generally, Eq. 6 cannot be exactly satisfied. Therefore, the static equilibrium state is achieved when 
the convergence criteria of Eq. 4 being close to zero. In the case of shape finding analysis, we 
introduce the initial prestress 0σ  to control the final shape of structure with the external load 
vector set to be zero. Hence, the unbalance load vector is derived from the internal force vector of 
Eqs. 3 and 4 as follow. 
 

∫−= V

T dV0σBg                    (7) 

 
Using the nonlinear iterative procedure, the meshes of initial surface are moved to the balanced 
unknown final configuration when the unbalanced forces converge to zero.  
 
The equally stressed surface that is frequently used as initial surface shape of a membrane is 
determined by iterative shape finding analysis. It is determined by allowing the norm of the residual 
vector in Eq. 7 to converge to nearly zero with the initially introduced prestress, which should be 
continually fixed at a constant value. Usually, the standard NR method with a matrix equation, or 
conversely, a DR method with a vector equation, can be used to minimize the unbalance force by an 
iterative procedure. However, for nonlinear shape finding or stabilizing process problems [13], the 
DR method is appropriate because of its stable and fast vector equations. 
 
 
3.  FORMULATION OF FDM 
 
Originally, the equilibrium equation of FDM in x-coordinate is described as follows [2] 
 
[ ] PXQCC =T                    (8) 
 
Where C  is a rectangular matrix of the element connectivity, Q  is square diagonal element force 
density coefficient matrix and X  and P  are the x-axis coordinates and the load vector, 
respectively. According to the free and fixed node, the separated form of Eq. 8 is written in Eq. 9 as 
follow  
 
[ ] [ ]{ } PXXCCQCC =XFXF

T
XF :::               (9) 
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As a result, the free x-axis coordinate of the system can be obtained with the following equations:  
 

XXFFFF XDDPDX 11 −− −=                    (10) 
 

F
T
FF QCCD =                      (11) 

 
X

T
FX QCCD =                      (12) 

 
The equilibrium equations for the other two axes (the y- and the z-axis) are obtained by expanding 
the Eqs. 10-12 of x-axis coordinate. The original FDM process is very simple and robust, but the 
matrix equation of Eqs. 10-12 has sparse storage, so the original FDM formulation may be 
ineffective in terms of numerical computing. 
 
The FDM is a popular linear shape finding algorithm that is used to determine the initial curved 
three-dimensional (3D) shape of fabric membranes and cable-net structures. The thickness of a 
fabric membrane material is very thin, from 1 to 2 mm; therefore, it does not experience 
compression and shear resistance stiffness and needs to be stabilized by an initially introduced 
prestress. The FDM uses a linear line element to represent the membrane surface, and the shape 
finding and load analysis is carried out with only an element force density that is determined from 
the element prestress divided by the element length. In addition, the Young's modulus of the 
material is not considered. Therefore, the FDM may be more appropriate for membrane structures 
as a shape finding method that represents the membrane material characteristics. However, to 
verify the element stress level under external loads, a nonlinear analysis must be used to analyze its 
response under load. This is the main drawback of the FDM. A different analysis model has to be 
prepared to carry out the shape finding and the load analysis.  
 
To overcome this shortcoming, the membrane element is substituted into each of the 3- or 4-edge 
line elements, and the elementary force density matrix of the membrane element is sub-assembled 
from each edge line element, as shown in Figure 1. As a result, model of the shape finding problem 
can be applicable to the nonlinear load analysis problem. 
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Figure 1. Substitution a Membrane Element for an Edge Line Element 
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Figure 2. FDM Formulation of a Membrane Line Element 
 
The equilibrium equation of line element-A in Figure 2 can be written as follow 
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Where ix  and jx are the x-axis coordinates at nodes i  and j , and An  is the direction cosine. 
In Eq. 13 and 14, the value of AA LT /  is defined as the element force density Aq  of element A 
which can be described in matrix form as follow 
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Eq. 16 can also be written in an alternative form as 
 

PXD =X                       (17) 
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Therefore, the extended form of Eq. 17 and 18 for the x, y and z-axis can be written as 
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As a result, Eq. 16 and Eq. 19 are the same form of Eq. 8. Therefore, we can obtain the force 
density matrix of a 3-node or 4-node membrane element of x-axis coordinate by assembling the 
element of each edge line element of Eq. 18 as  
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We can obtain the equilibrium equation for the total system by assembling the element force 
density matrices of Eq. 16, 21 and 22 for separated free and fixed nodes as 
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For free nodes,  
 

FXFXFFF PXDXD =+                    (24) 
 
Therefore, the x-axis coordinate of the shape finding can be obtained from Eq. 24 as 
 

( )XFXFFFF XDPDX −= −1                   (25) 
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Eq. 25 can be extended for y- and z-axis coordinate systems as well. As a result, the derived FFD  
and FXD  in Eqs. 23 and 24 are exactly identical to the FD  and XD  in Eq. 11 and Eq. 12.  The 
formulation of Eqs. 15-25 which are similar to the FEM, reduce the computational effort of FDM 
of Eqs. 11 and 12 to model large number of degrees of freedoms. Moreover, the matrix of FFD  in 
Eq. 25 can be stored in-core or out-of-core in a banded symmetric matrix, not in a sparse matrix, 
which could increase the computation efficiency remarkably. That formulation based on FEM 
enables us to use the FDM for the nonlinear shape finding problems. 
 
 
4.  FDM FORMULATION BASED ON FEM 
 
In this section, another form of FDM formulation based on FEM is (are)described. This process is 
based on the well known geometrically nonlinear equation of cable and truss element without 
material elastic stiffness.  
 
In section 3, we do not consider the material properties of Young’s modulus but force density of 
element only. This approach is known as the generalized FDM formulation based on FEM 
described in literatures [8,9,16-19]. 
 
The tangent stiffness matrix of a cable element is composed by the elastic and geometric stiffness 
matrices.  
 
But if we consider the geometric stiffness of cable element with isotropic condition of material for 
ideal case of FDM, the strain of cable element can be written as follow 
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From Eq. 26, the geometric stiffness matrix given in Eq. (5) for a cable element in the local 
coordinate system is derived as 
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The geometric stiffness matrix of the global coordinate system can be written as follow 
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The local and global geometric stiffness of Eq. 28 and Eq. 29 are exactly identical value, because 
the local geometric stiffness matrix is composed of diagonal term only. Therefore, the coordinate 
transformation matrix R  does not need to be considered. The derived geometric stiffness matrix 
in Eq. 30 is exactly the same as the force density matrix from Eq. 20, so we can independently 
reduce the geometric stiffness matrix or force density matrix FK  of each elements into x, y and 
z-axis components as shown in Eq. 18 in the FDM formulation for a cable element.  
 
As a result, we can reduce the size of system matrix and the bandwidth of the FDM that was 
introduced in previous section. It is not necessary to use the full size of the matrix in Eq. 20 or 30, 
which is the advantage of the FEM-based FDM formulation in this section.  
 
The nonlinear equilibrium equation shown in Eq. 4 can also be used to obtain the incremental 
displacement dδ of the x-axis as 
 

dKBRP δFV

TT σdV =− ∫                    (31) 

 
Where FK  is the assembled, reduced force density matrix and the deformed configurations (or in 
other words, the shape finding results) are simply 
 

dXX δ+= 0                       (32) 
 
Eqs. 31 and 32 are repeated for the y and z-axis coordinate systems.  
 
The shape (or coordinates) of the membrane structures that is obtained from Eq. 32 is the same as 
that obtained from Eq. 10 and Eq. 25 for a linear or nonlinear shape finding analysis. Alternatively, 
we can obtain the same result from the axis-separated Eq. 31 for the x, y and z-axis coordinates by 
using the full matrix of the FEM formulation rather than the reduced matrix, although with less 
computational efficiency. 
 
From the above equations, we have shown that the shape finding results from the FDM can be 
obtained from the well-known FEM routines for geometrically nonlinear equations describing a 
cable element. Therefore, it is a very interesting that the FDM can be understood as a particular 
formulation of a cable finite element. Moreover, anyone could analyze the shape finding of 
membrane cable-net structures with only minor changes or even without changing their own FEM 
code which it used reduced, banded, symmetric matrix operations. 
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5.  LINEAR AND NONLINEAR SHAPE FINDING ANALYSIS ACCORDING  
TO THE FORCE DENSITY MODE 

 
In FDM theory, the force density is a unique parameter to control the resulting shape of surface, the 
equilibrium equation and the resulting shape may be affected by the applied force density mode of 
the FDM. The various formulation of force density modes are proposed and explained in papers 
[18,19] and commercial software (Forten 4000, Easy, Rhinomembrane [16,17]) by their unique 
methodologies. The relationship between force density and equilibrium equation of system may be 
linear and nonlinear with respect to the element length. Therefore, various methods of shape 
finding approach can be developed. In this section, we describe our various linear and nonlinear 
shape finding techniques of FDM based on previous researches. 
 
5.1  Shape Finding Analysis with Constant Force 
 
5.1.1  Linear shape finding analysis with constant force mode 
 
The conventional force density q  is determined the unit prestress force of element T  divided by 
element length L  as follow  
 

L
Tq =                        (33) 

 
The force density of Eq. 33 may be a nonlinear equation for a structural coordinate system because 
the element length is used to calculate the force density. However, if we pre-define the force density 
of Eq. 33 as fixed value, the formulation of FDM is linear equation in Eqs. 10, 25 and 31. The 
identical result of shape finding can be obtained by using different equations of FDM in Eqs. 10, 25 
and 31. The linear equation of FDM is originally proposed by Linkwitz [1], Sheck [2] and Grundig 
and Bahndorf [3] and Grundig et al. [4].  
 
5.1.2  Nonlinear shape finding analysis: geodesic shape finding 
 
Originally, the FDM is not linear equation of equilibrium but nonlinear equation by using the Eq. 
33.  
 
If we now apply the actual nonlinear equation of Eq. 33 with actual element length L  and 
constant force T , then the equilibrium equation of Eq. 25 and Eq. 31 are nonlinear. To solve the 
nonlinear equation of Eq. 25 and Eq. 31, the iterative numerical processes are required to obtain the 
equilibrium state. And the resulting equilibrium state of the equation usually leads to a geodesic 
surface which usually can be obtained by using iterative nonlinear numerical method [10-15]. As 
mentioned previously, the force density formulation of Eq. 25 and the FDM formulation based on 
FEM of Eq. 31 show exactly the identical results for nonlinear problems as for linear cases. 
 
5.2  Shape Finding Analysis with Constant Force Density 
 
5.2.1  Linear shape finding analysis: equally stressed surface 
 
In this case, if we apply the constant element force of Eq. 34 for the force density of element, then 
the Eqs. 10, 25 and 31 yields actually linear equilibrium equations that need not to iterate to solve 
the equation. The force density is independent of the structural geometry as a result. 
 

Tq =                        (34) 
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We can obtain the theoretical equally stressed surface with constantly introduced prestress for all 
membrane or cable-net elements by using linear analysis with the force density mode of Eq. 34. 
 
5.2.2  Nonlinear shape finding analysis: cable length control 
 
Because the force density in Eq. 34 is independent of the structural coordinates and the element 
length, it is possible to analyze the boundary element length control process by using nonlinear 
equilibrium equation of Eq. 25 or 31 with the force density mode in Eq. 34. The iterative updated 
element force converges when the designated element length is satisfied. 
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Where DL  is the destination element length and α  is the scale factor for controlling the 
convergence rate; a value of 5.0 was used in this study. The boundary cable element length control 
is implemented in commercial software, Forten 4000. 
 
 
6.  NUMERICAL EXAMPLES 
 
The shape finding process is a unique feature of the tension membrane structure that is used as a 
basic step for load stress analysis and pattern generation. The main objective of shape finding is 
obtaining the 3D curved surface of structures. Therefore, there is no need to address the complex, 
nonlinear behavior of the fabric material. Rather, the proper geometric behavior should be 
considered. In a sense, the FDM is a meaningful algorithm that fulfills such a need. It is a very 
simple and effective method for shape finding. The numerical algorithm described in this paper will 
increase the capacity and applicability of the FDM in various ways. To demonstrate the potential 
efficiency and applicability of this study, a number of results for numerical examples are tested. 
 
6.1  Numerical Characteristics of the Proposed Algorithm 
 
Figure 3 illustrates the shape finding result of this example that is composed of a cable-net element. 
Table 1 shows the numerical characteristics of total DOF, the bandwidth, the size of the system 
matrix and the number of linear equations for various FDM algorithms that produce the exact 
identical shape finding result. 
 
In the case of the original FDM, a sparse matrix equation such as the conjugated gradient method 
needs to be considered in order to handle the sparse nature of the system matrix equations [3]. 
However, by using the equations of Eq. (25) or Eq. (31) of FFD  and FD . The equations of system 
matrix become reduced band symmetric matrix by assembling the element force density matrix for 
each coordinate axis. The total DOF and bandwidth may be reduced by one-third compared with 
the FEM. It provides effective and fast computational storage and run-time.  
 
In the case of FEM, the analysis may be less effective than using the modified FDM (Eq. 25) or the 
FDM based on FEM (Eq. 31). However, we can utilize well-defined conventional FEM routines 
without change or modification. Also, there are many in-core and out-of-core band solver libraries 
that can increase the efficiency. 
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Table 1. Comparison of the Numerical Characteristics for Each FDM Algorithm 
 

 Total DOF Min.  
band-width Matrix size No. of times of  

Linear equation 
Original 

FDM 1655*3=4965 - 1655*1655 3 times 

Modified 
FDM 1655*3=4965 152 1655*152 3 times 

FDM_FEM 1655*3=4965 152 1655*152 3 times 
FEM 1655*3=4965 152*3=456 4965*456 1 time 
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Figure 3. Verification of the Cable-Net Model for Numerical Capacity 
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Figure 4. Shape Finding Results According to the Force Density Mode 
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Figure 4 shows the results of a linear shape finding analysis according to the force density mode of 
Eqs. 33 and 34. By using the Eq. 33 with constant force iT  and variable element length iL , then 
the equation of force density Eq. 33 is originally nonlinear. However in the FDM formulation, the 
nonlinear equation of Eq. 33 is assumed to be linear with pre-defined fixed value. The actual linear 
equation is prevailed when the actual constant force density of Eq. 34 is used. The element length is 
removed in Eq. 34. Therefore the equation of FDM is actually independent from the geometry of 
surface and the equation lead to be linear. The resulting shapes of linear equation of FDM with the 
different force density mode Eq. 33 and Eq. 34 are some different. The shape of Eq. 34 is equally 
stressed surface of constant force density without the influence of geometry of element length. The 
shape of Eq. 33 is influenced by the effect of dividing element length. The proper force density 
mode may be dependent on the initial modeling methodology or the structural geometry. The 
optimal shape of tension membrane structure is not deterministic but the choice of many 
possibilities. 
 
6.2  Shape Finding Analysis of a Saddle-type Surface 
 
In this section, we explain the linear and nonlinear nature of the force density mode in Eqs. 33 and 
34 by carrying out a saddle-type shape finding examples. As explained previously in section 5, the 
force density mode of Eqs. 33 and 34 may result in linear and nonlinear nature of equilibrium 
respectively [3].  
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 

 
  

 
 

 
Figure 5. Shape Finding Process for Saddle-1       Figure 6. Shape Finding Process for Saddle-2 
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The system equation may be a linear when the force density mode of Eq. 34 is adopted. The shape 
finding analysis with equal prestress to the overall surface elements results in an equally stressed or 
minimum surface. In the contrast, the system equation may be nonlinear when the force density 
mode of Eq. 33 is adopted. The iterative analysis with the equation of Eq. 25 or 31 is needed with a 
reduced band symmetric matrix. The final shape may result in the geodesic surface that has been 
obtained by using DR geodesic shape finding analyses [10,11]. The geodesic string element of 
Barnes [10] and Wakefield [11] and the force density mode of Eq. (33) have conceptually and 
theoretically identical meanings in the nonlinear shape finding process. However the computational 
effort of FDM in this paper for nonlinear shape finding is more effective than NR or DRM.  
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Figure 7. Linear and Nonlinear Shape Finding Result for Saddle-1 and Saddle-2 
 
Two types of saddle surfaces are analyzed, and the results are compared with the theoretical 
equation given in Eq. 37. The theoretical equation for a saddle-type surface is as follows 
 

2

2
2

2

2
1

b
yh

a
xhz −=                      (37) 

 
Figure 5, Figure 6 and Figure 7 show the shape finding process and comparisons with the 
theoretical values for saddle-1 and saddle-2, respectively. In STEP-1, the linear shape finding 
analysis is carried out by using the force density mode of Eq. 34. Then the nonlinear process is 
performed by using Eq. 33. The geodesic surfaces in Figure 5 and Figure 6 are obtained by using 
proposed nonlinear FDM algorithm. The linear and nonlinear shape finding result as shown in 
Figure 7 are good agreement with the theoretical value given in Eq. 37.  
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6.3  Practical Application of FDM 
 
The proposed FDM is applied to a number of practical projects. The equivalent membrane element 
of Figure 1 is used in the shape finding analysis, and the finite element formulations [5-7] are used 
in the stress analysis.  
 
 

 

 
 

 

 

 
 
 
 
 

 
 
 
 
 

 
         (a) Surface Control                    (b) Element Length and Surface Control 

 
Figure 8. Shape Finding Examples of Shelters 

 
Figure 8 shows the shape finding process and an image of a simple shade shelter. The identical 
process and algorithm of previous examples are applied to the current examples. Also, the geodesic 
surface obtained from the nonlinear process was used in pattern generation. Figure 8 (b) shows the 
element length control process of the boundary or ridge cable in a typical 2-pole shelter structure. 
The prescribed element length DL  is introduced in STEP-0 for boundary element length control 
process of STEP-1 by carrying out the iterative nonlinear process of FDM in Eqs. 35 and 36. The 
resulting element lengths are listed in Table 2 and show good agreement with the prescribed 
element length. To perform the element length control process, the linearly independent force 
density mode with respect to the element length or coordinate should be selected and the initial unit 
value of prestress is introduced for all cable elements. The final prestress satisfying the prescribed 
element length is determined by the simple interpolation equation of Eq. 36. Finally, we can carry 
out the nonlinear geodesic shape finding analysis with the fixed support condition and boundary 
cable element. Moreover, these algorithms could be applied to large scale roof structures of Figure 
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9. The shape finding result is used for the roof geometry, and the following stress analysis and 
member design process are carried out as shown in Figure 9. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Shape Finding and Load Analysis of Large Scale cable Dome Model 
 

Table 2. Result of Element Length Control Process 
 

 
 
 
 
 
 
 
 
 
 
7.  CONCLUSION 
 
In this paper, FDM formulation based on FEM are presented and verified for linear and nonlinear 
shape finding problems. The shape finding process is a unique feature of architectural tension 
membrane structures that is used as a basic step for load stress analysis and pattern generation. 
Therefore, the shape finding algorithm should be simple and easy to control the surface geometries. 
The presented FDM formulation uses the reduced band symmetric matrix assembled from each 
element force density matrix for simultaneous linear equations. And a well-defined FEM routine 
could be used for the FDM with minor changes. The concepts of the force density mode and the 
equivalent membrane element make it possible to conduct a linear or nonlinear analysis of an 

ele.No. Specified. 
Len.(cm) 

Result. 
Len.(cm) 

6 100.00 100.00 
55 160.00 160.00 
73 240.00 240.00 
96 100.00 100.00 
145 160.00 160.00 
163 240.00 240.00 
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equally stressed surface, a geodesic surface analysis and an element length control process. The 
resulting surfaces can be successfully used for stress analysis or pattern generation. Therefore, the 
simple and effective FDM formulation presented in this paper will increase the capacity and 
applicability of FDM for design and analysis of membrane structures. 
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